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Abstract. — The ^-tracial algebras are algebras endowed with multi-linear forms, com¬ 
patible with the product, and indexed by partitions. Using the notion of .A-cumulants, we 
define and study the ^-freeness property which generalizes the independence and freeness 
properties, and some invariance properties which model the invariance by conjugation for 
random matrices. A central limit theorem is given in the setting of ^-tracial algebras. A 
generalization of the normalized moments for random matrices is used to define convergence 
in A-distribution: this allows us to apply the theory of A-tracial algebras to random matrices. 
This study is deepened with the use of A-finite dimensional cumulants which are related to 
some dualities as the Schur-Weyl’s duality. This gives a unified and simple framework in order 
to understand families of random matrices which are invariant by conjugation in law by any 
group whose associated tensor category is spanned by partitions, this includes for example 
the unitary groups or the symmetric groups. Among the various by-products, we prove that 
unitary invariance and convergence in distribution implies convergence in P-distribution. Be¬ 
sides, a new notion of strong asymptotic invariance and independence are shown to imply 
A-freeness. Finally, we prove general theorems about convergence of matrix-valued additive 
and multiplicative Levy processes which are invariant in law by conjugation by the symmetric 
group. Using these results, a unified point of view on the study of matricial Levy processes 
is given. 
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1. Introduction 

This is the second article of a series of three in which we generalize the notions of 
independence and freeness in order to define a notion of ^-freeness in the setting of A- 
tracial algebras. We also generalize the notion of cumulants for random matrices of fixed 
size using some dualities. This setting unihes classical and free probabilities and allows us 
to study random matrices which are not asymptotically invariant in law by conjugation 
by the unitary group but by smaller groups of the unitary group. In the first article 
the reader will find the combinatorial tools needed; in this article, he will find the study of 
^-tracial algebras and applications to random matrices; the article [18j uses the previous 
result and focuses on the study of general random walks on the symmetric group and the 
construction of the S(oo)-master held. 


1.1. Small reminder about random matrices. — Random matrices are random vari¬ 
ables which take values in a set of matrices Aln,m(C). We will only consider square ran¬ 
dom matrices: M is of size if M is a square matrix of size N x N and we will write 
M G AlAf(C). Actually any random matrix M of size N in this article is supposed to be 
in L°° (n) 0 Ai]\[{C) where (n,.A,P) is hxed: this means that for any i, j in {l,...,iV} 
and any positive integer k, IE[| Mjj |^] < oo. 

From now on, when a letter indexed by N represents a matrix, this matrix is of size 
N. Let (MAr)7veN be a sequence of random matrices. Following our convention, for any 
N, Al]\f G AlAr(C). In the usual method of moments, one is interested in the convergence 

This is 


of ■^Tr{(M]\f) ) or the convergence of the mean moments E 


—Tr 


justihed by the fact that a random matrix M^v of size N has N random eigenvalues: 
Ai(Mjv),..., A 7 v(M 7 v) and for any integer k gN: 


1 1 ^ 

i=l 

Let the empirical eigenvalues distribution of Mj^ be For rmy 

integer k: 

^Tr = J^z’^r]MN{dz). 

Let us suppose, just until next theorem, that for any integer N, M]\r is symmetric or 
Hermitian. Then is a measure supported by the real line. Using the Carleman’s 
continuity theorem. Theorem 2.2.9 in [30] . one can use the convergence of the moments or 
the mean moments to prove that, in probability or in expectation, the random measures 
{i]Mn)n&'N converge when N goes to inhnity. Likewise, we can apply similar arguments for 
unitary or orthogonal matrices. 
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Theorem 1.1. — Let (MAr)jveN a sequence of random matrices such that for any pos¬ 
itive integer k, 



converges when N goes to infinity. 

1. If for any integer N, is a unitary or orthogonal matrix then there exists pL a 
probability measure on the circle such that the mean empirical eigenvalues distribution 
^[vMn] of M]y converges to p, as N tends to infinity. 

2. If for any integer N, is symmetric or Hermitian (resp. skew-symmetric or skew- 

hermitian), under a condition of uniform subgaussianity on (E[r/Mjv])A'eN; the measure 
E[r/Mjv] converges to a probability measure, named p, supported by the real line (resp. 
the imaginary line) as N goes to infinity. 

Besides, for any integer k: 



lim E 

N^oo 




If the moments also converge in probability and not only in expectation, the convergence of 
the empirical eigenvalues distributions holds in probability. 


Studying the asymptotic of mean moments of random matrices, Voiculescu discovered 
the property of asymptotic freeness of unitary invariant random matrices |31j . 


Theorem 1.2. — Let (Mjv)iveN o,nd (LAr) 7 vgi^ be two sequences of random matrices. Let 
us suppose that for any N, Mn and Ljy are independent, and that Ln is invariant by 
conjugation by the unitary group. Then {MN)NeN cmd (Ljv)AreN cire asymptotically free. 
This means that for any polynomials Pi{X), Qi{X), ..., Pk{X), Qk{X), if the limit of the 
first moment of Pi{M]\f), Qi{Ln), ..., Pk{M]\f), QkiLw), is equal to zero then: 


lim E 

N^oo 


lim E 

N^OO 


-Tr (Pi(M^)Qi(Ljv)...Pfc(Mjv)) 


-Tr{Pi{MN)Qi{LN)...Pk{MN)Qk{LN)) 


= 0 , 
= 0 . 


This leads to the dehnition of freeness in the abstract setting of algebras. Let A be 
an algebra, (f he a linear form on A. Two sub-algebras Ai,A 2 of A are free if for any 
ai, 5i,..., Ok, bk which are alternatively in Ai and A 2 such that 4>{ai) = 0 = 4>{bi) for any i, 
then <f>{aibi...akbk) = 4>{aibi...ak) = 0. 

One goal of this article is to generalize this theorem and the notion of freeness for random 
matrices which are not invariant by conjugation by the unitary group but are invariant by 
subgroups of the unitary group. 


1.2. Layout of the article. 
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1.2.1. The A-tracial algebras. — In Section[2l we extend the structure of algebra on A and 
define the notion of P-tracial algebra. This is an algebra endowed with some multi-linear 
observables, called moments, which are indexed by partitions in V := and are in 

some sense tracial and compatible with the multiplication on A. We generalize this by 
defining a notion of ^-tracial algebra for any A G {&,B,Bs,TL,TL}. Each letter represents 
a subset of the sets of partitions Uk>oVk- 

Result 1. — A notion of A-freeness is defined for A-tracial algebras and two character¬ 
izations of this notion are given, one uses a notion of A-cumulants and another uses a 
notion of A-exclusive-moments, f Theorem \ 2. 1\) 

Result 2. — The law of the sum or the product of A-free elements are computed explicitely 
(Theorems \2.2\ and \2.S\) 

Using these results about ^-freeness, we can prove a central limit theorem. 

Result 3. — A central limit theorem, given in Theorem 1^.51 holds for A-tracial algebras: 
the limit is called a A-Gaussian. 

Since we can choose which set of partitions A we consider, the question of restriction 
and extension of structure arises naturally. 

Result 4- — There exists a natural notion of restriction and extension of structure which 
allows to change the set A to another set A1. This allows us to define a natural notion 
of G(A)-invariance, where G{A) is a family of groups associated with the set A. All these 
notions behave well with the notion of A-freeness. (Section \2.7.2^ 

In Theorem 12.81 ,we also study the different links between all the different notions of 
freeness: Voiculescu freeness and ^-freeness when A G {&,B,Bs,'H,R,V}. 

Result 5. — The B-freeness or Bs-freeness implies the &-freeness, which, under some 
hypothesis, implies Voiculescu freeness. 

Yet, V-freeness or TL-freeness does not imply in general the B-, Bs- or G-freeness. In 
fact, there exists a simple criterion which allows us to show that some V-free subalgebras 
are not 6-free. 

We also introduce the notion of transpose operation for ^-tracial algebras, which allows 
us to prove the following result, given in Theorem 12.91 

Result 6. — Any unitary-invariant family, which satisfies a certain hypothesis of factor¬ 
ization, is free (in the sense of Voiculescu) from it’s transpose family. 

The last main result of Section [2l given in Section [2.81 is the following fact. 

Result 7. — One can retrieve: 

1. classical cumulants by considering the A-cumulants of special elements, called classical 
elements, in a A-tracial algebra. 
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2. free cumulants by considering the A-cumulants of special elements, called determin¬ 
istic U-invariant elements, in a A-tracial algebra. 

1.2.2. Application to random matrices. — In Section [3l we apply the setting of ^-tracial 
algebras to the study of the asymptotics of random matrices. We will not state all the 
results since they are transcriptions of the results dealing with ^-tracial algebras, we will 
give only a summary. 

Result 8. — There exists a notion of ^-moments for random matrices. This allows us 
to define the convergence in ^-distribution which generalizes the notion of convergence in 
distribution for random matrices. A new notion of asymptotic ^-factorization property 
allows us to study the convergence in probability of the A-moments. Notions of asymp¬ 
totic .A-cumulants and asymptotic A.-exclusive moments are defined and are used in order 
to define a notion of asymptotic A.-freeness for random matrices. The A-law of the sum 
and product of random matrices, which are asymptotic A-free, is computed. A notion of 
asymptotic ^(A.)-invariance is defined. The links between the different notions of asymp¬ 
totic freeness are studied. We retrieve the result that unitary invariant random matrices 
are, under some factorization property, asymptotically free in the sense of Voiculescu. 

1.2.3. The dualities and finite-dimensional world. — In Section U we use the dualities 
between the set of partitions A and the family of groups G(A), like the Schur-Weyl du¬ 
ality, in order to define finite-dimensional observables which approximate the asymptotic 
observables (Theorem 14.2|] . 

Result 9. — There exists a notion of finite dimensional .A-cumulants and .A-exclusive mo¬ 
ments for random matrices of fixed size. The random matrices converge in A-distribution 
if and only if the finite dimensional A-cumulant or A-exclusive moments converge. If so, 
both converge to their asymptotic counterpart. 

Using these results, we can prove different properties of sequences of random matrices 
which are invariant in law by conjugation by Q{A){N) fTheorems 14.31 ITA|) . 

Result 10. — If a sequence of random matrices, which are invariant in law by conjugation 
by the family of groups G{A), converges in A-distribution, it converges in V-distribution. 
Besides, when the matrices are unitary invariant, we have simple formulas which link the 
limits of the V-moments, the V-exclusive moments and the free cumulants. 

These results allow us to give the asymptotic of the moments of the entries of Q{A)- 
invariant matrices (Theorem [53]) 

Result 11. — The first order asymptotic of the moments of the entries of Q{A)-invariant 
random matrices which converge in A-distribution is known. 

Finally, we give a link between the notion of classical cumulants and finite-dimensional 
cumulants: this gives a Schur-Weyl duality interpretation of classical cumulants (Theorem 
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Result 12. — Classical cumulants can be obtained by computing the finite-dimensional 
cumulants of matrices with diagonal independent identically distributed entries. 

1 . 2 . 4 . Independence and invariance. — It remains to exhibit families of random matrices 
which are ^-invariant: this is done in Section [5l 

Result 13. — Let us consider two families of random matrices which are independent, 
converge in A-distribution and such that one family is Q {A)-invariant. These two families 
are asymptotically A-free (Theorem Ah. 1\) . 

This theorem only applies when the second family is ^(^)-invariant: this is not the case 
for many families such as general Wigner matrices. This is why we introduce the notion of 
asymptotic strong ^(^)-invariance. 

Result 14 . — There exists a notion of asymptotic strong Q (A)-invariance such that if we 
consider two families of random matrices which are independent, converge in V-distribution 
and such that one family is asymptotically strongly Q{A)-invariant, then the two families 
are asymptotically A-free fTheorem \5.2\) . 

1.2.5. Levy processes. — In Section [6l we study, with the tools developed in the article, 
sequences of matricial Levy processes: one of the main result is Theorem 16.11 

Result 15. — A sequence of Q{A)-invariant matricial additive (or multiplicative) Levy 
processes converges in V-distribution if and only if its generator converges in A-distribution. 
There exists a simple criterion in order to know if the convergence holds in probability. 

This result is generalized for the ^-^-distribution in Section 16.2.21 Using this general 
result, we retrieve the convergence in distribution, and even in P-distribution of Hermitian 
and unitary Brownian motions. This leads us to a matricial Wick formula (Theorem 17.3p . 

Result 16. — There exists a matricial Wick formula. For a Gaussian vector of symmetric 
of Hermitian random matrices, E[Mi (8) ... (g) M^] can be written as a sum over special 
pairings. 

The results on Brownian motions allow us to develop an intuition which is used in order 
to prove the following result given in Theorem 17.41 

Result 17. — The V-distribution of any V-Gaussian element can he approximated by se¬ 
quences of random matrices which are explicitly given. 

As a consequence of our general theorem about convergence in P-distribution of matricial 
Levy processes, we show the following result in Section [7.21 

Result 18. — The proof of the approximations of free multiplicative and additive Levy 
processes by matricial Hermitial and unitary Levy processes given in a. m and [TO] can 
be handled in a similar combinatorial way which also implies the convergence in probability 
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Figure 1. The partition {{!', 2'}, {1,2,3', 5}, {3}, {4', 4}, {5'}}. 

without using any concentration of measure arguments. The same proofs allow us to gener¬ 
alize these results in order to have approximations by matricial symmetric and orthogonal 
Levy processes. 

1.2.6. Algebraic fluctuations. — The notions of asymptotic ^-observables and A- 
cumulants defined in this the previous sections are generalized in order to study more 
precisely the asymptotics of the ^-moments and ^-finite dimensional cumulants. We 
generalize the previous sections in this setting. 

Result 19. — What is done for the first order asymptotic can be done with the higher 
order of fluctuations. In particular, a notion of A-freeness of higher order is defined and 
it is shown that random matrices which are Q[A)-invariant are asymptotically A-free up 
to higher orders. 

As noticed by C. Male, some of the results can be seen as extensions in the setting of A- 
tracial algebras of results in [25j . The differences between the two independent approaches, 
of this article and |25j . lie in the combinatorial objets studied (partitions here and graphs 
in [25]), the use of dualities in the present article, and the observables which are mostly 
considered (mostly cumulants in this article and mostly connected exclusive moments in 
[25] 1. In the work in progress |16j . the link between the theory of P-tracial algebras and 
the theory of traffics in [25j is inverstigated. 

1.3. Basic definitions on partitions. — Once the layout of the article given, we brieffy 
review the basic definitions and results, proved in m, on partitions that we will need later. 
Let A: be a positive integer, Vk is the set of partitions of {1, ...,k,l', ...,k'}. There exists 
a graphical notation for partitions as illustrated in Figured) Let p ^ Vk, let us consider 
k vertices in a top row, labelled from 1 to k from left to right and k vertices in a bottom 
row, labelled from 1' to k' from left to right. Any edge between two vertices means that 
the labels of the two vertices are in the same block of the partition p. Using this graphical 
point of view, the set of permutations of k elements, namely Gk, is a subset of Vk'. if cr is 
a permutation, we associate the partition {{i,a{iy}\i E {1, ...,k}}. 

Let p and p' be two partitions in Vk. The set Vk has some interesting structures we are 
going to explain: 

1. Transposition: the partition is obtained by flipping along an horizontal line a 
diagram representing p. 

2. Order: p' is coarser that p, denoted p < p', if any block of p is included in a block 
of fl. 
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3. Supremum: pV p' is obtained by putting a diagram representing p' over one 
representing p. 

4. Multiplication: pop' is obtained by putting a diagram representing p' above one 
representing p, identifying the lower vertices of p' with the upper vertices of p, erasing 
the vertices in the middle row, keeping the edges obtained by concatenation of edges 
passing through the deleted vertices. It has this nice property: po p' G then p 
and p' are in &k- Doing so, we remove a certain number of connected components, 
number which is denoted by K{p,p'). 

5. A family of multiplications : C[Pfc(A)] is the algebra in which the multiplication 

is given by pp' = ^po p'. 

6. Neutral element: the partition idfc = {{z,i'}|z G A;}} is a neutral element 

for the multiplication o. Often we will denote it by id when there can not be any 
confusion. 

7. Height function: nc(p) is the number of blocks of p. 

8. Cycle: a cycle is a block of p V id: nc{p V id) is the number cycles of p. A partition 
p is irreducible if nc(p V id) = 1. A partition which is, up to a permutation of the 
columns, of the form id^ 0 p' with p' an irreducible partition, is weakly irreducible. 

9. Representation: there exists an important representation of C[Vk{N)] on 

Let {ei)fLi be the canonical basis of and let be the matrix which sends ej on 
Bi and any other element of the canonical basis on 0. For any I = {ii ,..., ik,ii', ■■■, ik') 
in {1,, we define Ker(/) the partition such that two elements a and b of 
{1,..., k, 1',..., k'} is in a block of Ker(/) if and only if ia = %■ We define: 


Pn{p) 


E 


E] 


■ e: 


'^k 




The application is a representation of C[Pfc(A)]. 

10. Tensor product: the partition p ® p' ^ V2k is obtained by putting a diagram 
representing p' on the right of a diagram representing p. It satisfies the identity 
Pn{p < 8 > p') = Pn{p) ® Pn{p')- 

11. Extraction: the extraction of p to a symmetric subset I of {1,..., A:, 1',..., A;'} is 
obtained by erasing the vertices which are not in I and relabelling the remaining 
vertices. It is denoted by p/ (definition set before Definition 3.2 of |17]L 

12. Set of factorizations: for any set X, £{X) is the notation for the set of sets of 
X. For any I G £{X), let E be the complement of I in X. Tthe set of factorizations 
of p, namely ^2{p)-, is the set of (pi,p 2 , /) G V x V x T({1,..., k, 1',..., A:'}) such that 
PI =Pi, Pi<^ = P 2 and nc(pi) + nc(p 2 ) = nc(p). 

13. Left- and right- part: if k' < k, the left-part of p, denoted by p^; is the extraction 
of p to {1,..., A:'} and the right part of p, denoted by p^/ is the extraction of p to 
{k' + 1,..., A:}. 
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Besides, let us remark that the permutations in &k can be seen as a subset of Vk- In 
particular, we denote by {i,j) the transposition which changes i with j: 

(b j) = U {{u,u'},ue {1, \ 

We will also use the Weyl contraction [i,j] defined as: 

[hj] = {{bj}, {*',/}} U {{u,u'},u E {1, \ 

In |17j . we defined a distance (Definition 2.2 of [17j i and a geodesic order on (Defi¬ 
nition 2.4 of [H!)- For any partitions p and p' in Vk, the distance between p and p' is: 

,, ,, nc(n) -I- nc(p') , ,, 

d{p,p) = - - - nc(pVp). 

We wrote that p < p' d(idfc,p) -|- d{p,p') = d{idk,p')'- this defines an order on Vk- The 
set {p\p < p'} is denoted by [idfc,p']. We denoted also by d(p',p) the defect of p' not being 
in a geodesic between id^ and p: 

df(p',p) = d{idk,p) - d{idk,p') - d{p',p). 


The order < allowed us to define, in Definition 4.2 of a notion of 7?.-transform on 
(0^0 This distance and the order was studied deeply in |17j : for example these 

notions allowed us to define a notion of Kreweras complement of pva.pQ, denoted by Kp^, {p) 
for any partition p and po (Definition 3.14 of [17j i. 


2. ^-tracial algebras and ^-freeness 

2.1. P-tracial algebras. — Let us define the insertion of a partition p E Pfc in Vi where 
I > k. Let ns consider {ii,...,ik) a fe-uple of distinct and increasing elements of 
The insertion partition: 

{{blj e n 5} U {i'jlf E {T,...,/c'} n b}\b E p} U {{i,i'}\i ^ {zi,...,4}}- 

Definition 2.1. — A V-tracial algebra {A, (mp)p^-p) is the data of an algebra A and a 
family {mp)p^-p sueh that for any k > 0 and any p E Vk, rrip ■. A^ ^ C is a k-linear form 
and: 

1. for any k > 0, any p E Vk, any permutation a E &k, for any ai,..., Ok E A: 

’oUpi^ax,..., Okf) 'krifjQpQfj—i ..., , 


2. for any k > 0, any p E Vk, any {a^pYlfi, where af’ E A, if we denote 

n = i = (1,1 + ni + ...Uk-i) and a = (1,..., ni)(ni -h l,...,ni -h 

712). ..(ni + +nk-i + l,n); 


{^)\nk 


Aj) 


m. 






( 1 ) 


,(i) 




^rik 




V2=l 


7=1 


The family {mp)p^p is called the V-moments. 
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In particular, niid^ (.) define a tracial linear form on A since, for any a and b, by applying 
the axioms 2., 1. and again 2.: 

rriidM^) = m(i_2)(«,^) = "i(p2)(6,a) = mid^{ha). 

We will always use the convention rridj = 1. 

Definition 2.2. — If for any partitions pi G Vki and p 2 G 'Pk 2 , any (ai,..., in 

A ?7ip]^(g)p2(o-i) •• •) Q-fci+^ 2 ) — Ri-pi(®i) • ••) Rfci) rI'P 2 Wfci+fc 2 )7 n)e say that A is a 

deterministic V-tracial algebra. If Ai is a family of elements of A, we say that Ai is 
deterministic if the algebra generated by Ai, namely < Ai >, is deterministic. 

Remark 2.1. — Actually, using the axioms of V-tracial algebras, a family Ai of elements 
of A is deterministic if and only if the factorization property of the moments holds when 
one replaces A by Ai. 

Exemple 2.1. — Let us give some important examples of V-tracial algebras. 

1- Matrices: : Let A = Ai^(C) and for any k > 0, any p GVk and any (Mi,..., M^.) G 
A’^, we consider: 

(1) mp(Mi,..., Mk) = [(^1 ® ® Mk)PN{^p)] ■ 

It is a deterministic V-tracial algebra. 

2- Random variables I: : Let A = L°° (n,^,P) he the algebra of random variables 
whose finite moments are all finite. We consider for any k > 0, any p GVk and any 
(Xi,...,Xfc) G 

■ k 

mp[Xi,...,Xk] =E Y].Xi 

J=1 

It is not a deterministic V-tracial algebra. 

3- Random variables II: : Let A = L°° (fI,^,P) and for any k > 0, any p £Vk and 
any (Xi, ...,Xk) G A’^, we consider: 

mp[xi,...,Xk\= n IE n 

feepvidj. ie6n{i,...,fc} 

It is a deterministic V-tracial algebra. 

3- Random matrices: : Let A = L°° (n,^,P) (g) M-n{C) and for any k > 0, any 
p ^Vk and any (Mi,..., Mk) G we consider: 

(2) IEmp(Mi,...,Mfc) = Tr^ [(Mi 0 - 0 Mfc)pjv(V)] • 

It is not a deterministic V-tracial algebra. 
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4-P-tracial distribution algebra: : Let {B, (mp)p^-p) be a V-tracial algebra, let n > 
0 and let {bi,...,bn) E B^. We can associate another V-tracial algebra given by 
A = <C{Xi, ...,Xn} (the non-commutative polynomial algebra) and, for any k > 0, 
any p £Vk and any {Pi,Pk) E A^: 

The V-tracial algebra (c{Xi,Xn}, is called the V-distribution of 

{bi, ..■,bn)- It is a deterministic V-tracial algebra if and only if the algebra generated 
by {bi, ...,bn) endowed with {mp)p^p is a deterministic V-tracial algebra. 

This last example allows us to define a notion of convergence in P-distribution: we will 
use the same notations in the following definition. 

Definition 2.3. — For any N > Q, let {Aju,{mp)p^'p') be a V-tracial algebra and let 
{af)i^i be elements of A^. The sequence {af)i^j converges in V-distribution if for any 

nPO, {ii, ...,in) E /"■ and any p E V, mp converges as N goes to infinity. 

Let (^4, {mp)p^'p) be a P-tracial algebra. We will define two useful triangular transfor¬ 
mations of the linear forms. Let us recall some notions from m- 

Definition 2 . 4 . — Let k > 0, p and p' in Vk, the partition p' is coarser-compatible with 
p if p' is coarser than p and nc{p' V idfc) = nc(p V idfc). If so, we denote p' H p. 

The partition p' f/finer-compatible with p if p' is finer than p and nc{p') — nc{p' V id^) = 
nc(p) — nc(p V idfc). If so, we denote p' □ p. 

The relations H and □ are orders on V and any strictly decreasing chain is finite. 

Definition 2.5. — The V-exclusive moments {mpc)p^-p are the unique multi-linear forms 
such that, for any k >0, any p E Vk, any (ai, ...,ak) E A^: 

RI'p(ri; *5 n/c) ^ ^ Tnp'c{ai,..., Ok). 

p'eT’fcb'Hp 

The V-cumulant linear forms {Kp)p£p are the unique multi-linear forms such that, for any 
/c > 0, any p E Vk, any (ai,..., a^) E : 

^p(®l) •• •) ^ ^ Np'(ill, ..., (Zfc) . 

p'eVklp'^p 

In |17j . Equation (22), we proved the following result. 

— For any A: > 0, any p E Vk, any (oi,..., Ok) E A^, 

mpc{ai, ...,ak') ^ ^ •••; R/;:)* 

p'e'Pfcb'Dp 


Proposition 2.1. 
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Using the cumulants, we can give a new characterization of the fact that a P-tracial 
algebra is deterministic or not. The proof is similar to the proof of Proposition 4.5 of 
thus we will not provide a proof for it. 

Lemma 2.1. — The V-tracial algebra A is deterministic if and only if for any ki, k 2 > 0, 
any partitions Pi G Vki and p 2 G Pfcj? any (oi,..., G 

^pi®P2 ; ®fci+fc2 ) ^P\ (^1 ? • ■*; )^P2 (^A:i+1 ? • ) ■ 

Remark 2.2. — Again, using the axioms of V-tracial algebras, a family Ai of elements 
of A is deterministic if and only if the factorization property of the cumulants holds when 
one replaces A by Ai. 

2.2. The 7?.-transform. — If a G we have seen that we can define its P-tracial 
distribution algebra as a P-tracial algebra built over C[X]. Because of the first axiom of V- 
tracial algebras, we can also encode this distribution as a linear form in ( 0 ^ 0 *^!^^/®*:])*- 
The linear form which sends p on mp{a) will be called the P-distribution of a and it is 
denoted by A4(a). Using the second axiom of P-tracial algebras, we see that the V- 
distribution of a is enough in order to recover the P-tracial distribution algebra of a. 

Definition 2.6. — The TZ-transform of a is the linear form in (0^0*^!"^^/®*:])* which 
sends p on Kp{a). 

Recall the notion of 7?.-tranform defined on (0^0*^!^^/®*:])* ™ Definition 4.2 of [17] . 
By definition, the P-distribution and the 7?.-transform of a are linked by the equality 
Tl{a) = 7^[A4(o)]. Besides, using Lemma ITTI we see that a G A is deterministic if and only 
if Tl{a) is a character. 

2.3. P-freeness. — We define the notion of P-freeness which will play the role of the 
usual freeness but for P-tracial algebras. Let Ai and A 2 be two sub-algebras of A. 

Definition 2.7. — Let {ai, ...,ak) be a k-tuple of elements ofAi[jA 2 . Letp be a partition 
in Vk- We say that p is compatible with {ai,...,ak) if for any i,j G {!,...,/c}, if Oi G Ai 
and Uj G A 2 , then i and j are in two different blocks of p. 

Let us remark that for a partition, being compatible with a A:-tuple actually depends 
on the choice of Ai and A 2 : these choices will always be explicit. Let us remark that for 
any element a G A, if =< a >= ^ 2 , no partition p G Pfc except id^ is compatible with 
{a,...,a). 

The notion of P-freeness is given in terms of vanishing mixed cumulants. 

Definition 2.8. — The two sub-algebras Ai and A 2 are V-free if the two following con¬ 
ditions hold: 

• compatibility condition: : for any integer k, any k-uple {ai,...,ak) G {Ai Vd A 2 )^ 
and any partition p G Vk, if p is not compatible with (oi,..., a^).' 

..., ak^ 0 , 
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• factorization property: : for any ki, /c 2 > 0, any pi E Vki, any p 2 E Vk 2 , any 
(®i) • ) € A.^ and any , • ••, ak^j^k 2 ) ^ ^2 ’ 

Npi(g)p2 (®1) • ) ®fc) — ^pi (®1) aki )Np2 (Ofci + l) • ) ®fei+fc2)■ 

Lei and A 2 be two families of A, they are V-free if the algebras they generate are V-free. 

If Ai and A 2 are P-free, using the restrictions of {mp)p^p on Ai and A 2 , we can compute 
the restriction of {mp)p^p on the algebra < Ai,A 2 >. Indeed, the second axiom (compat¬ 
ibility with the product) in the definition of a P-tracial algebra, shows that we only need 
to compute the restriction of {mp)p^p on AiU A 2 . But the data of {mp)p^p is equivalent 
to the data of {Kp)p^p. The P-freeness allows us to compute the restriction of {Kp)p^p on 
Ai U A 2 knowing its restriction on Ai and A 2 ■ 

Remark 2.3. — Again, using the axioms of V-tracial algebras, if Ai and A 2 are two 
families of A, they are V-free if and only if the eompatibility condition and the faetorization 
property hold for Ai and A 2 : we do not need to eonsider the algebras < Ai > and < ^2 >• 

Using Lemma EH we can already state the following lemma whose proof is straight- 
foward. 


Lemma 2.2. — If Ai and A 2 are two deterministie V-free sub-algebras of A, then the 
algebra <Ai,A 2 > is a deterministie sub-algebra. 


We can give another characterization of P-freeness using the exclusive moments. Recall 
the notion of left- and right-part of a partition ((13) in Section fl.3|] . 

Theorem 2.1. — Let Ai, A 2 be two sub-algebras of the V-tracial algebra (A,(mp)p^p). 
They are V-free if and only if for any fci,/c 2 > 0, any p E Vki+k 2 ! ^ 


(<■.)££. e A, 




( 3 ) 


k\-\-k2 




= 5 . 




Pk^^Pk^- 


(».)£i 






ki+k2 

i=ki-\-l 


where we recall that: 


Pki = {bn{l,...,ki,l',...,k[}\bep} , 

Pki = {br\{ki + l,...,ki + k2,k[,...,k[ + k2}\b G p} . 

Proof — Let us remark that, for any {ai)^f^ E Ai, any E A 2 , the r.h.s. of 

Equation ([3]) is equal to: 




E 


Kpi^ 


Pi^pU>P2^pIi 




( r, \kl+k2 

)j=l 

S 2 
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Using Proposition 3.2 of m , p[ □ , P 2 □ p1^ and p'-j.^ ®Pki m P if and only if p'i®p '2 □ P- 

the r.h.s. of ([3]) is then equal to: 


Y1 Vi [MiU 

pilS)P2=IP 

On the other way, the l.h.s. of (l3|) is equal to: 





ki+k2 

i=ki+l 


p'Dp 



\fci+fc2 

A=i 


Thus, we must prove that Ai and A 2 are P-free if and only if for any ki, k 2 > 0, any 
p e ■Pfci+fca, any (a.)*!, e A^, any £ Aa, 


E 




(\ki+k 2 


P2 

(®«)i=fcl+l 


p[0P2Op 

This equivalence is quite straightfoward. 


p'Op 



ki+k2 

i=l 


□ 


□ 


Remark 2.4- — Again, using the axioms of V-tracial algebras, the same theorem holds 
when Ai and A 2 are only two families of A. 


2.4. Sum and product. — Let a4i, A 2 be two P-free sub-algebras of the P-tracial 
algebra (^4, (mp)pg-p). Recall the notion of factorizations ((12) in Section[T3]) and Kreweras 
complement (Definition 3.14 in |17j l. The following theorem generalizes Theorem 5.2.2 of 



Theorem 2.2. — Let k>0, let (ai)”=i G A^ and (6i)f=i G A 2 , let p G Vk'- 

Kp(ai -|-61, ..., flfc -|- ^ ^ ^P1 ((®i)*S/)^P2 ((^*)is{l,...,fe}\j')) 

(pi,P 2 ,/)e 52 (p) 

Kp{aihi,...,akhk) = ^ Kpi((ai),^=i)Kp2((6i)*LJ, 

pi-<P,p2eKp(pi) 

mp(oi6i,...,afc6fc) = i^pi{{bi)'l=i)mtp^op{{h)\=i)■ 

pi<p 

Proof. — The first equality is a consequence of the multi-linearity property of the V- 
cumulant form and the P-freeness of {ai)2^i G A\ and (fci)f=i G A^. 

Using the definition of the P-cumulant forms, the second equality is equivalent to the 
fact that for any pGVk- 

mp{aibi,...,akbk) = '^ ^ 

P'<PPl,P2|piop2=p',P26Kp^op2(Pl) 


(4) 


Kpi((ai)Li)'«P2((&i)*=i) 
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By Theorem 3.5 of m, Piop 2 <p and p 2 G Kp^op 2 (Pi) if and only if pi®p 2 <{p® idfc)T 
where r = (1, /c + 1)(2, k + 2)...(A:, 2k) G 62 ^- Thus, the r.h.s. of Equation ([3]) is equal to: 


Pl®P2<(pOidfe)T 

Using the P-freeness hypothesis, for anypi andp 2 in Vk, is equal to 

K;pi(g)p 2 (ai, afc, &i, 6 fc). Besides, if p' G Vk is not compatible with (ai,ak,bi, ...,bk), 

which means that there exists no partitions pi and p 2 such that pi ® P 2 = p' ^ then 
K;p'((ai,..., ak, 61 , bk)) = 0. Thus, the r.h.s. of Equation (j4]) is equal to: 

^ ^ Np'(ui,..., Ofc T bi,bk) '^(p^idk)T (nil • ••) nfc ^bi, ...,bk) 

P'<(P®idfe)T 

= 3^ 2fe-l) 

— ?np((Zi 6 i, 

where, for the last two equalities, we applied the axioms of P-tracial algebras. 

It remains to prove the last equality which is a consequence of the last equality and the 
equivalence of the first and second assertions in Theorem 3.5 of m- Indeed, 


m, 


(Xj^^ 61 , 6 /j;) — ^ ^ •••; ^k-! •••; ^/c) 

p' <p 

= ^ ^ Npj (ui, ..., a^)Kp2 (61, ..., 


p' <p>pi Ap' ,P2 e Kp/ (pi) 


= E 

PlGP) P2<*Plop 

= 'Y, ^pi (ni) •• 

pi<p 


Npi (ni 1 ■■■1 Otk)f^p 2 {bi, ...,bk) 

., Ojk)Tkl^p-^op{b\^ ..., bk) • 


This ends the proof. 


□ 


□ 


Recall Section 4.2 of m where we defined the two convolutions ffl and on the set of 
linear forms {®'^=oC[Vk/&k])*■ 


Theorem 2.3. — Let a and b be two V-free elements of A: 

7l[a + b] = TZ[a] ffl V,[b] and TZ[ab] = Tl[a] Kl TZ[b]. 


2.5. Semi-groups. — Let (T, {mp)p^p) be a P-tracial algebra and {at)t>o be a family 
of elements of A such that oq is the unit of A. 

Definition 2.9. — The process {at)t>o 'Is an additive (or^-) V-Levy process if: 

1 . the V-distribution of at is continuous in t, 

2 . for any s >t >0, the V-distribution of as — at only depends on s — t, 

3. for any t>0, {og - at)s>t is V-free from {a u)t>u • 
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The process {at)t>o is a multiplicative (or Kl-j V-Levy process if for any t > 0, at is 
invertible in A and the three conditions hold when one replaces ag — at by agaf^. 

From now on, □ stands either for ffl or Kl. Let (at)t>o be a H-P-Levy process. The 
following lemma is a consequence of the definitions and Theorem 12.31 

Lemma 2.3. — The family {TZ[at\)t>o is a continuous semi-group for the [T-convolution. 

Definition 2.10. — The infinitesimal [T-transform of {at)t>o, denoted by r[(ot)t>o], is 
the element o/ defined by 

By definition, for any t > 0, 7^[at] = Recall Theorem 4.1 of |17j : it implies, 

with Lemmas o and [13 the following theorem. 

Theorem 2.4- — If '^[iei-t)t>o] is a [A-infinitesimal character, then the algebra < {at)t>o > 
is deterministic. 


2.6. Central limit theorem. — Let a be an element of A. For any i > 0, we denote 
by TZi{a) the restriction of TZ{a) to C[Pi/6i], seen as an element of (0^0*^!"^^/®*:])*- 
This means that for any partition p G with k ^ i, TZi{a){p) = 0 and for any p G Vi, 
7^i(a)(p) = 7^(a)(p). 

Definition 2.11. — The element a is a centered V-Gaussian ifTZ{a) = 

In particular, for any k >3, any irreducible p GVk, iJZ{a)){p) = 0. 

Theorem 2.5. — Let {an)ffLi a sequence in A of V-free elements which have the same 
V-distribution and such that TZi{ai) = 0. Then converges in V-distribution to 

a centered V-Gaussian element whose TZ-transform is 


Proof. — By multi-linearity, for any integers n, k and any p GVk- 

n 


n 


— T 

\fn ^ 


(Xi 


2=1 


(p) = A E 

ra2 ,, 




(L)J=ie{i,...,n}'= 


Using the P-freeness of we can only keep the fe-tuples (u)j=i such that p is 

compatible with (aq, ...,ajj.). Using also the second axiom in the definition of freeness and 
the fact that every Oj has the same P-distribution: 




n 

1=1 


1 


ip) = ^ E 11' 

/:pVidfe^-{l,...,n} i=l 


k 

n2 


"PI U b 


(ai,..., ai). 


where p V idfc is the set composed by the cycles of p, p\ u b is the extraction of p to 

6e/-i(i) 


U b and where we took the convention (7^(a))(0) = 1. 
be/-i(*) 

For any function / : p V idfc —>• {1, ■■■,n}, we define Ker(/) as the partition of p V idfc 
equal to {f~^{i)\i G {1,..., n}}. Let us denote by V{p V idfc) the set of partitions of p V idfc. 
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For any partition vr G V idfc), there exist approximatively functions / such that 

Ker(/) = tt: 


( 5 ) 




n 

i=l 


7rS7^(pVidj.) bSTT 


Since TZi{ai) = 0, for any vr G P(p V idfc) such that nc(7r) > we have that 
ObeTT ^P| 6 (®i 5 •••) ®i) ~ 0. Indeed, if nc(7r) > one block of vr must be a singleton which 
contrains a cycle of size 1 of p and we recall that TZi{ai) = 0. Thus we can impose in the 
r.h.s. of Equation ([5]) the condition nc(7r) < the l.h.s. of Equation [5] converges when n 
goes to infinity. 

If nc(7r) < the term associated with tt disappears when n goes to infinity and it only 
remains partitions vr G V{p V idfc) such that nc(7r) = ^ and such that none of the block of 
TT is a singleton which contains a cycle of lenght 1 of p. In order that the limit of the l.h.s. 
of ([5]) converges to a non zero value, p must have some cycles of size 2 and an even number 
of cycles of size 1: the blocks of tt contain either two cycles of size 1 or a cycle of size 2 of 
p. This implies, by sending n to infinity in ([5]) that: 


lim 

n^oo 




n 

1=1 


(p) = 


which is the equality we wanted to prove. 


□ 


□ 


This theorem applied to the P-tracial algebras given in “Random variables I and II” of 
Example 12.11 implies the usual central limit theorem for random variables with bounded 
moments. Besides, applied to the forthcoming S-tracial algebra defined in Example 12.31 
this theorem implies the usual free central limit theorem. Indeed, this theorem apply in the 
setting of ©-tracial algebras and we will see that the notion of ©-freeness in deterministic 
©-tracial algebras is equivalent to the notion of freeness of Voiculescu. Eor any set of 
partitions A in V, B, S, H or Bs, let us define the notion of ^-tracial algebra. 


2.7. .4-tracial algebras. — For the sake of simplicity, we explained first the notion of 
R-tracial algebras without explaining that one can define for any A G {V, B, S, 'H,Bs} a 
notion of .4-tracial algebra. In this section, we explain how to do so and how to generalize 
the notions we defined for R-tracial algebras. This leads us to study the notion of Q{A)- 
invariant family and the links between the different notions of .4-freeness. 

2.7.1. Basic definitions. — Let us choose a set of partitions A in {V, B, S, 'H,B,s} where 
these last sets are described in the up-coming Table 1 in Section 01 From now on, the 
letter A will only be used for such set of partitions. The group G{A) is the group which 
corresponds to A via the duality given in Table 1. The notions of (deterministic or not) 
.4,-tracial algebra, convergence in .A-distribution, A.-cumulant linear forms, 7?.^-transform, 
A,-freeness and □-A.-Levy processes are defined with a straightforward generalization of the 
case A = V. The Lemmas 12.1112.2112.31 and the Theorems 12.21 (2^ 12.41 and l2.5l are still valid 
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in their straightforward modified formulation. In order to define the ^-exclusive moments, 
we will have to be careful about how we define them: this will be explained later. In a 
.A-tracial algebra, the A.-cumulant linear forms will be denoted by 

Example 2.2. — In a G-tracial algebra (A, (mo-)(Tes); Ihe &-cumulant linear forms k® 
are the unique multi-linear forms sueh that, for any k >0, any p E Vk, any (ai, ...,ak) E 
Afc, mp{ai ,..., Ofc) = X]p'e6fc|p'<p ®fc)- 

Let us give a natural example of S-tracial algebra. 

Example 2.3. — Any algebra endowed with a traeial form, namely {A,(f>), can be endowed 
with a structure of &-traeial algebra: for any /c > 0, any a E and any (ai, ...,ak) E A^, 
we consider: 

ceo-vidfc iecn{i,...,fc} 

where the product is taken according to the order of the cycle of a associated with c. This 
is a deterministic 6-tracial algebra called the &-tracial algebra associated with {A,(j)). 

Let {A, {ma)aee) be a deterministic S-tracial algebra. It is actually the S-tracial algebra 
associated with (A,midJ. Besides, the notion of S-freeness for [A, {ma)aee) is equivalent 
to the notion of Voiculescu’s freeness for (A, midi): this is a consequence of the bijection 
between [idfc, (1,..., A:)] n 6k and NCfc, and the fact that the freeness in free probability 
theory can be stated as a property of vanishing cumulants (Speicher’s condition. Theorem 
11.16 in [28]). 

2.1.2. Natural restriction, extension of structure, G(A)-invariance and A-exclusive mo¬ 
ments. — Let Ai and A 2 be sets of partitions in {P, B, G,!!, Bs} such that A 2 C Ai. 
There exists a natural application which allows us to forget some of the structure. Indeed, 
any Ai-tracial algebra can be seen as a A 2 -tracial algebra by forgetting the mp such that 
p ^ A 2 . Thus, on any Ai-tracial algebra, we can consider the A 2 -cumulant linear forms, 
denoted by (fi^^)peA 2 - This implies that we can talk about A 2 -freeness for elements which 
are in a Ai-tracial algebra. In Section 12.7.31 we will study the links between these notions 
of freeness. 

Remark 2.5. — Recall the definitions in Section 4-4A of m and recall the notion of 
cumulants defined in the same paper. Let (A, (mp))pg_ 4 i be a Ai-tracial algebra. The 
notions of Ai- and A 2 - cumulants are linked by the following equality: 



where p* is the dual form of p. Thus, using Proposition 5.2 of m, one can compute the 
A 2 -cumulants forms on (oi,...,afc) by considering the limits, as N goes to infinity, of the 
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cumulants of PN{EN){g*)'^^dg, where: 

P'6(^l)fc 

One can also define an extension of structure. Let {A, {mp)p^_A^) be a ^ 2 -ti'acial algebra. 

Definition 2.12. — The natural extension of (A, ® Ai-tracial algebra is 

given by the fact that for any k >{), p ^ A\ and any (ai,..., a^) G A^, 

mp{ai,...,ak) = ^ (m,..., Ofc). 

P'&A 2 \p'<P 

Example 2.4- — The natural extension of a 6-, respectively B-, tracial algebra to a V- 
tracial algebra has a simpler form. Indeed, using Lemma 3.2 and Definition 3.6 of m 
and the notations in that article, for any p G Vk, rrip = Ylp'£^\p'-\p '^^spectively 

_ Q 

p'&Bl\p'^p ^Mb(p')' 

The definition of natural extension is set such that for any fc > 0, any p G Ai of length k 
and any (oi, ...,ak), (ai,..., a^) computed using the natural extension structure is equal 
to ^(®i) Thus, we already see that two families Ai and A 2 of (^4, {jnp)p^j^.fij 

are ^ 2 -free if and only if they are ^i-free for the natural extension of ^4 as a ^i-tracial 
algebra. This natural extension leads us to the following definition of ^(^)-invariance. 

Definition 2.13. — Let {A, (mp)pg^j) be a Ai-tracial algebra and Ai be a family of el¬ 
ements of A. The family Ai is Q{A 2 )-invariant if for any /c > 0, any p £ Ai of length k 
and any (ai,...,afc) G A’l, Njfi(oi,..., Ofc) = Sp(z_A2K^^{ai, ■■■,ak), where {k^^)p^A2 the 
A 2 -cumulants forms of {A, {rnp)p^A 2 )■ 

With this definition, we see that any ^ 2 -ti'acial algebra is 0(^2)-invariant in its natural 
extension as a ^i-tracial algebra. 

Let {A, {rnp)p^Ai) be a ^i-tracial algebra. Using the axioms of .Ai-tracial algebras, one 
can see that a family Ai of elements of A is ^(^2)-iRvariant if and only if < ^1 > is 
0 (^2)-invariant. Besides, if = P and A 2 is © or B, using a slight generalization of the 
second assertion in Lemma 4.2 of m, we have the characterization of G(A 2 ) invariance. 
Recall Definition 3.6 in m- 

Theorem 2.6. — Let us suppose that Ai =V and A 2 is &, respectively B, then a family 
A\ of elements of A is U-invariant, resp. O-invariant, if and only if for any k > 0, 
any p G Vk and any {ai,...,ak) G AJ, mpc{ai, ...,ak) is equal to <5pg^m(ivib(p))=(ai, 
respectively ..., akf 

Using the notion of natural extension, we can now define the notion of ^i-exclusive 
moments. Recall that {A, {mp)p^Ai) is a .Ai-tracial algebra. 

Definition 2 .I 4 . — The Ai-exclusive moments {m^f)p^p are the V-exclusive moments 
of the natural extension of {A, {jnp)p^Ai) as a V-tracial algebra. 
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In particular, using Proposition 12.11 the ^i-exclusive moments are characterized by the 
fact that for any A; > 0, any p £Vk and any (oi,a^) G A^, 

p'e(Ai)k\p'^p 

With this definition, one can see that for any k > 0, any p G Ai of length k and any 
(ai,...,afc) G A'^, 


mp{ai,...,ak) = ^ (oi,..., a^). 

p'e'PfclpHp 

With this definition of ^-exclusive moments. Theorem 12.11 now becomes valid in the 
general setting of ^-tracial algebras. 

2. 7. 3. The different notions of A-freeness. — Recall that Ai and A 2 are two sets of par¬ 
titions in {R, R, 6,7^, Rs} such that A 2 C ^1. Let {A, {mp)p£Ai) be a ^i-tracial algebra. 

Theorem 2.7. — Let Ai and A 2 he families of A such that Ai U A 2 is Q{A 2 )-invariant. 
The two families Ai and A 2 are A 2 -free if and only if they are Ai-free. 

Besides, if only Ai is Q{A 2 )-invariant and if Ai and A 2 are Ai-free then they are A 2 - 
free. 

Proof. — Let us prove the first assertion. If Ai U A 2 is ^(^2)-invariant, then < Ai,A 2 > 
is ^(^2)-invariant. This implies that (< Ai,A2 >j(nrp)peAi) is the natural extension 
of (< ^1,^2 >, ('>TT'p)peA2) as a ^i-tracial algebra. Using our discussion about natural 
extension, Ai and yl2 are ^2-free in (< ^1,^2 >) (Rip)peA2) if and only if they are ^i-free 
in (< Ai,A2 >, (mp)pGAi)- This proves the first assertion. 

Let us prove the second assertion: let us suppose only that Ai is ^(^2)-invariant and that 
Ai and A2 are ^i-free. Let k, k' be two integers, let (ai, ...,0^) G A\ and (61, ...,6fc') G A2 
and let p G {A 2 )k+k’- The easiest way to compute the cumulant (oi,..., a^, 61,..., 6fc') 
is to use Proposition 5.2 of m which asserts that it is the limit of the p-cumulant of 

where 

p'^iAi)k+k' 

Using the 0(^2)-iRvariance of Ai and the ^i-freeness of Ai and A2, for any integer N, 
is equal to: 


^ K^f{ai, ...,ak)Kpf{bi, ...,bk') 

Pie{A2)k,P2&{Ai),,/ 


^nc(piVidfe)-nc(pi)+nc(p2Vidj,/)-nc(p2)p^^^2^ 
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and thus, using the duality between A 2 and G{A 2 ), is equal to: 

V [ g^'^'pNiFNKgT'^'dg 

^ s JgiAoMm 


pi&(A2)k 


with Fjv = Z]p 2 e(yli)fc /•••5 Again, using Proposition 

5.2 of |17j . the limit of the p'-cumulant of PN{FN){g*)^^ dg is equal to 

K^^{bi,...,bk>)- Thus, 

Kp (fll, ..., Ofc, 61 , ..., 6 fc') ^3pie(.42)fc,P2S(.42)t,/|p=Pl®P2^Pl (® 1 ) •••) ®fc)^p 2 (^ 1 ) •••) 

This proves that Ai and A 2 are .A 2 -free. □ 


As noticed by C. Male, this last following theorem is a generalization of the “rigidity of 
freeness” theorem of [25] . 

For sake of simplicity, from now on let us suppose that = V, generalizations to other 
cases are straightfoward. We mostly focused on A 2 G {P,i3,S} and a little on ^2 = ■Ss. 
Recall that O 2 is the partition {{1, 2,1', 2'}}. 

Theorem 2.8. — Let Ai and A 2 be two families of A. We have the following equivalence 
or implications: 

1. if Ai U A 2 is deterministic, the G-freeness of Ai and A 2 is equivalent to the freeness 
of Ai and A 2 in Voiculescu sense for the linear form ruidi ? 

2. if Ai and A 2 are B- or Bs-free then they are G-free, 
and the following negative assertions hold: 

1. if Ai and A 2 are V-free and if there exists ( 01 , 02 ) G Af and ( 61 , 62 ) G A| such that: 

K02{ai,a2)K^^{bi,b2) 7 ^ 0 , 

then Ai and A 2 are not G-free. In particular, V-freeness does not imply the S- 
freeness. 

2 . the V-freeness of Ai and A 2 does not generally imply the B-freeness of Ai and A 2 , 

3. the G-freeness of Ai and A 2 does not generally imply the B-freeness of Ai and A 2 . 


A summary of these assertions can be found in Diagram 1. Let us remark that the first 
negative assertion is inspired by a result of C. Male, namely the first point of Corollary 3.5 
of |25j . The proof that we give here differs from the one of C. Male as it is based on the 
cumulants we introduced in this article. 


Proof of Theorem 12.81 — The first assertion was already explained in the previous sec¬ 
tions. Let us prove the second assertion. At first, let us remark that for any integer k, any 
permutation a G Gk, there exists no element p G Bsk U Bk such that p < a. In Lemma 
3.1 of |17j . we proved this assertion when one replaces Bsk U Bk by Bk- this proof is easily 
generalized to Bsk kl Bk- A consequence is that for any /c > 0, cr G Sfc, = n® = n®. 
Then the vanishing of either the mixed Rs-cumulants or the mixed i3-cumulants implies 
the vanishing of the mixed 6 -cumulants. 
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Now, let US consider the negative assertions. For the first one, let ( 01 , 02 ) G Af and 
( 61 , 62 ) G A 2 such that K 02 (“ii “ 2 )^ 02 ( 61 , 62 ) 7 ^ 0. Using the axiom of P-tracial algebras. 
Theorem 12.21 and the fact that [idfc, (1, 2)] = {idfc, O 2 , (1, 2)}, m(i^ 2 , 3 , 4 )(oi) 61 , 02 , 62 ) is equal 
to m(i^ 2 )(«i 6 i, 0262 ) which is equal to ^^^(oi, 02 ) 171 (^ 2 )( 61 , 62 ) + Ko 2 iai,a 2 ) ^ 02 ( 61 , 62 ) + 
K^^ 2 )(®i’® 2 ) 70 id 2 ( 6 i, 62 ) or: 

mid2 (oi, 02 ) 70 ( 1 ^ 2 ) (61,62) + m(i_2) («i, «2)R7id2 (61, 62) - mid2 (oi, 02)mid2 (61, 62) 

+ Ko^{ai,a2)KQ^{bi,b2). 

If ( 01 , 02 ) and ( 61 , 62 ) are ©-free, using similar arguments, m(i 2 , 3 , 4 )(oi, 61 , 02 , 62 ) is 
equal to mid 2 (oi, 02 )m(i^ 2 )( 6 i, 62 )+m(i, 2 )(«i, 02 ) 70 ^ 2 ( 61 , 62 )- 70 ^ 2 ( 01 , 02 ) 70 ^ 2 ( 61 , 62 ). Since 
00 * 2 ( 01 , 02 ) 7^^2 ( 61 ’ 62 ) 7 ^ 0 , ( 01 , 02 ) and ( 61 , 62 ) are not ©-free and thus Ai and A 2 are not 
©-free. 

For the second negative assertion, let us remark that if P-freeness was implying B- 
freeness, because of the third implication we proved, P-freeness would imply ©-freeness: 
we just proved that this was not true. 

For the third implication, let us suppose that ©-freeness implies .S-freeness. In next 
section, we will see that if o G A is [/-invariant, a and *0 are ©-free. Thus, o and *0 
would be ;S-free: this would imply that o is ©-free with itself: this is not generally the 
case. □ □ 

Remark 2.6. — Since O 2 G T-L 2 , the first negative assertion in Theorem 12. SI holds if Ai 
and A 2 are two Ti-free sub-algebras of A: Ti-freeness does not imply the &-freeness. 


Voiculescu’s freeness 


(a) under deterministic asumption 



Bs — freeness 


(b) under C/—invariance 


B — freeness 


V — freeness 


Diagram 1. The different notions of Voiculescu-, ©-, B-., Bs- and P-freeness. 



PARTITIONS AND GEOMETRY 


23 


2.7.4- Voiculescu freeness and the transpose operation. — In this section, we show that 
the notion of transpose operation aiiows us to construct famihes which are free in the sense 
of Voicuiescu. This gives a generaiization, in an aigebraic setting, of a resuit of Mingo 
and Popa in m which asserts that unitary invariant random matrices are free with their 
transpose. It iiiustrates aiso the use of the .S-cumuiants in order to prove some interesting 
resuits about freeness. Let ki < k he integers and iet p be in Vk- 

Definition 2.15. — The partition Sfc^(p) is the partition obtained by permuting i with i' 
for any i E {ki + 1,..., k} in the definition of p. 

For any A except S, for any integers ki < k, Ak is stabie by the operation Sfc^. Untii 
the end of this section, iet us consider such A. 

Definition 2.16. — A transpose operation on a A-tracial algebra {A, {nip)p^jf) is a linear 
operation ^ : a of such that for any integers ki < k, any p E Ak, any (ai, ...,ak) E A^, 

RI'p (R1 ; • ■ • 5 H/ci ; H/ci + 1; • • • 5 H/c) (p) (^1 5 * * • ? ) • 

For exampie, the matrix transposition is a transposition operation on the P-traciai 
aigebras of matrices or random matrices defined in Exampie [H For any famiiy of eiements 
A', we denote by ^A' the set {*o|a E A'^. In order to prove next theorem, we need the 
foiiowing definition. Recaii the notion of ieft- and right- parts of a partition defined in 
Definition 3.12 of m- 

Definition 2.17. — Let k,k' be two integers and a E &k+k'- The left-part of a, aj., is 

composed of blocs of size 2 except possibly two blocs of size 1. Let us glue the blocs of size 

1 together and we get a permutation that we call Lfk^a) E Sfc. By doing the same with the 
right part, we get another permutation C^(cj) E &k'. 

Theorem 2.9. — Let {A, {mp)p^jCj be a A-tracial algebra endowed with a transpose opera¬ 
tion denoted by *. For any A\,A 2 C A such that A 1 UA 2 is U-invariant and deterministic, 
Ai and A 2 are free in the sense of Voiculescu. 

Proof. — Let Ai,A 2 C A such that Ai U A 2 is t/-invariant. Let k, k' be two integers, 
(ai,...,Ofc) be in A\, {bi,...,bk') be in A 2 and a E &k-ek'- Using the definitions of a 
transpose operation and ©-cumuiants: 

Rl'cr (R1 5 • ; H/c 5 ^1; *5 ^Sfc(cr) (^1 ? • ••; ^k , ^1; *5 ^k' ) 

= X] Kp{ai,...,ak,bi,...,bk'). 

peB^,_^_|,,\p<SkA) 

Since Ai U A 2 is [/—invariant, for any p ^ A, when restricted to AiU A 2 , is equal to 
hp^&Kp . Actually this implies that for any p & B, when restricted to AiU A 2 , k® is equal 
to Sp^eKp. Thus, 

ITicr(cil, ..., Ofc, 61,..., 6fc') — ^ ^ (oi, ..., Clfc, 61, ..., ). 
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Recall Definition [2R71 Using Lemma [231 {a' E &k+k'W < is equal to £ 

6 k, <^2 £ < C|,(it),(T 2 < Thus, using the fact that A 1 UA 2 is deterministic 

and Lemma EU 

m„{ai,...,ak,^bi,...,^bk') = ^ (oi,a^, 61 , 6 ^') 

o-'l k'l <Cfe (o-),o-2 <Ci; ('^) 

Using Lemma 1231 {a'^ ® u^lcr'^ < C^(fT),(T 2 < C^(o')} = {cr^ (g) (J 2 < (y\a'i E 6 k, (72 E 6 fc'}. 
Thus: 

771(^(01, ...,3fc0 = ^ K® (ai,...,afc)/t®,(3i,...,3fc/). 

cri S Sfc, (Tj S 6 j,/1 (Tj (gjo-j < a- 

Since this equality holds for any a E 6 k+k', any choice of (ai,...,afc) and ( 61 ,..., 6 *,/), 
by definition of the 6 -cumulants, we get that Ai and *^2 are ©-free: since Ai U A 2 is 
deterministic, we already saw that it is equivalent to say that Ai and A 2 are free in the 
sense of Voiculescu. □ □ 

In the end of this section, we prove the lemmas needed in order to complete the proof 
of Theorem 12.91 Recall that (1, is the Lcycle which sends f on z -|- 1 modulo I and 
{I ,..., 1) is the one which sends i on z — 1: (Z,..., 1) is equal to *(1, ...1). Let I < k he two 
integers and a be in 6 ^. 

Lemma 2.4- — Let cJi be in 61 and 02 be in 6 k-i, then ai 6 a 2 < cr if and only if 
(7i < C^((t) and 02 < C^(o'). 

Proof. — The lemma is a consequence of the special case when a = (l,...,Zc). Let us 
suppose that cr = ( 1 ,..., k), then we have to prove that ai 6 cr 2 < ( 1 , k) if and only if 
(7i < and (T 2 < (1,k — 1). Recall the notion of defect defined in Equation (1) of 

|17] : we need to prove that df((Ti (g) (T 2 , (1,..., k)) = df((Ti, (1,..., Z)) -1- df((T 2 , (1 ,k — 1)). 
After a simple calculation, this equality is equivalent to nc((Ti V (1,..., Z)) -|- nc((T 2 V (1,..., k — 
1)) = nc((Ti (g) £72 V (1,...,A;)) + 1. Recall Equation (14) of |17] which asserts that for any 
p,p' E Vk, Tr(/ 97 v(p V)) = This implies that for any permutations u,v,w, 

nc(zz V vw) = nc((zz ^w) V v). Thus: 


nc(£Tl (g) £72 V (1, ..., k)) = nc [£ 7 i (g) £72 V ((1, Z -b 1)((1, ••■,Z) (g) (1,..., Zc - Z)))] 
= nc [(£ 7 i (g) £ 72 )((Z, 1) (g) (Zc - Z,..., 1)) V (1, Z -b 1)] 
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but the transposition (1 ,1 + 1) glue two cycles of (ui (g) cr 2 ){{l, •••, 1) (g) (/c — I, 1)): 
nc((Ti (g) £72 V (1, k)) = nc(((Ti (g) a 2 ){{l, 1) (g) (fc - /,1))) - 1 

= nc [(cJi (g) £72) V ((1, 1) (g) (1, k - /))] - 1 
= nc(£7i V (1, 1)) + nc(£72 V (1, k -1)) -1 
which was the equality to prove. □ □ 

Lemma 2.5. — The permutation a satisfies a < S;((l, if and only if there exists 

Cl < (1, •••) 1) CLnd (72 < {k — I, 1) such that £7 = £7i (g) £72 . 

Proof. — For any integers I < k, any a and a' in df(£7',(7) = df(S/(£7'), S/(£7)). Thus, 
£ 7 ' < £7 if and only if Sficr') < Sfia). 

Let us suppose that £7 < S/((l, k)), then Sfia) < (1, k). Lemma 3.1 of |17j implies 
that S;(£7) E ©fc; there exists £7i E &k and £72 E &k-i such that £7 = £7i (g) £72. Thus 
Si(£7i (g) £ 72 ) = £7i (g) *£72 < (1,..., k). Using Lemma ai < (1,..., 1) and (J 2 < {k — I ,..., 1). 
The other implication is now straigthforward. □ □ 

2.8. Classical and free cumulants. — The notion of P-cumulants generalizes the 
notions of classical and free cumulants. 

2.8.1. Classical cumulants as V-cumulants. — For any integer k, recall that 0^ is the 
partition {{1,..., k, 1',..., k'}}. Let {A, (mp)pg-p) be a P-tracial algebra. 

Definition 2.18. — A family Ai of elements of A is classical if it is deterministic and 
for any integer k, any irreducible p ^ Vk and any {ai,...,ak) E A^, mp(ai,..., a^) = 
^Ok (®i ) • 

Theorem 2.10. — Let Ai he a classical family of elements of A. For any integer k, any 
p & Vk and any (oi,..., a^) E A\, 

Np(£il, ..., Ufc) ((®i)i£fen{l,...,A:}) ) 

6epVidj, 

where for any n, any {ai, ...,an), cum#6 ((aj)igfen{i,...,A:}) classical cumulant defined 

recursively by the fact that for any integer n, any (ai,..., a„) E A^: 

7no^{ai,..., On) = En cum#b((aj)jgfe), 

pePn b£p 

with Pn the set of partitions of {1, ...,n}. 

Proof. — Using the characterization of P-cumulants, we need to prove that for any integer 
k, any p £Vk and any (oi, ...,ak) E A\: 

ITlp [ai, ..., Ok) ^ ^ ((®i)iSfen{l,...,A:}) • 

p'<p ftSp'Vidfc 

Since Ai is deterministic, it is enough to prove this equality when p is irreducible. Recall 
Definition 3.4 of m where T>k was defined as the set of partitions in Vk which are coarser 
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than idfc. If p £ Vk is irreducible, {p' G 'DkW < p} = {p' £ T^k\p' < 0^}. Since Ai is 
classical, this shows that it remains to prove: 

(6) rno^^{ai,...,ak)= ^ ((ai)jg6n{^ . 

p'<0k bep'Vidfc 

Let p' G Vk such that p' < 0^. Recall the notions of admissible gluings and admis¬ 
sible splittings in Definition 2.5 and 2.6 in m- Since 0^ does not have any admissi¬ 
ble gluing, using Theorem 2.3 of m, p' must be a admissible splitting of 0^: the set 
{p' G VkW ^ Ofc} is thus equal to Vk- By Theorem 3.2 of |17j . (T>k,<) is isomorphic to 
where < is the finer-order. Using this isomorphism, the r.h.s. of Equation ([6]) is 
equal to Oftep((“0*efe) which, by definition, this is equal to mo^(ai,..., Ofc): 

Equation ([6]) is valid. □ □ 

In particular, if we consider the R-tracial algebra given by the example “Random vari¬ 
ables II” in Example 12.11 for any integer k, any irreducible p & Vk, nip = m-Oj,. Thus, for 
any p GVk and any random variables (Xi, ...,Xfc), 

Np(Xi,..., X/j) ((^*)*sfen{i,...,fc}) ■ 

feepVidj. 

where cum are the classical probabilistic cumulants. 

2.8.2. Free cumulants as V-cumulants. — Let {A, be a deterministic S-tracial 

algebra, then using the bijection between [id^, (1,..., /c)]n©fc and the non-crossing partitions 
NCfc and the fact that the restriction of the order < on [id^, (1,..., A:)] n &k is the geodesic 
order, one can see that k® are the usual free cumulants. A generalization of this fact is 
the following theorem whose proof is straightfoward. 

Theorem 2.11. — Let {A, {mp)p^_A) be a A-tracial algebra, and let {ai,...,ak) be a deter¬ 
ministic U-invariant k-tuple of elements of A. For any p G Ak, 

^p(ai) •••) afc) bp£Qf_ cum:j^c(( 

c cycle of p 

where the {ai)i^c are ordered according to the cycle c and where for any n, any (ai,..., an), 
cum^c((ai)iec) is the free cumulant defined recursively by the fact that for any integer n, 
any (ai,...,a„) G A^: 

^^{1,...,n)(ai, • • •, On ) ^ ^ cum /(uq,..., ). 

peNC„ {ii<...<i;}gp 

3. Random matrices and ^-distribution 

3.1. Basic definitions. — In the next subsections, we will study more the R-tracial 
algebra of random matrices of size N when N goes to infinity. 

The mean p-moment of a fe-tuple of matrices of size N, namely (Mi, ...,Mk), is defined 
in Equation ([2]), and the p-moment of (Mi, ...,Mk), is defined in Equation ([T]). These are 
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generalization of the usual moments described in Section [TTl Indeed, as explained in [23j . 
for any a G &k, 

(7) n n 

cScrVidfc yigcn{l,...,A:} 

where the product is taken according to the order of the cycle of a associated with c. In 
general, if 5 G Bk, one can show that mh{Mi, is a product of normalized traces of 

products in the Mi and ^Mi, i G {1,..., k}. 

Recall that in Definition 12.31 we defined the notion of convergence in P-distribution 
whose definition could be extended for any set of partitions A G {T’,B, &,'H,Bs}. Let us 
consider such set A and for any integer N, let {M^)i^x be a family of random matrices of 
size N . We will study the convergence of these family as N goes to infinity, yet, since the 
matrices are random, we can either; 

— consider the convergence in A-distribution by applying the definition of convergence 
in ^-distribution to {L°° (g) Al 7 v(C), 

— or consider the convergence in probability in A-distribution by applying the definition 
of convergence in ^-distribution to ((A^Ar(C), (mp)pg^))Ar6N- 

Using the link between the S-moments and the usual moments given by Equation ([7]), if 
(Mf) jgx converges in S-distribution, it converges in non-commutative distribution. Yet, 
the convergence in ©-distribution is slightly more demanding than the usual convergence of 
moments. More generally, one can see that converges in .8-distribution if and only 

if(Mf),gxUCM/V) jgi converges in ©-distribution. Thus the convergence in 8-distribution 
implies the convergence in non-commutative distribution of the family and its transpose. 
At last, the convergence in P-distribution implies the convergence in distribution of traffics 
(see [25j and the correspondence explained in [16] ). 

Using this discussion, one can see that if for any integer N, {M^)i^x is a family of sym¬ 
metric or skew-symmetric matrices, it converges in ©-moments if and only if it converges 
in 8-moments. The same holds if = 1 and the matrices are orthogonal. 



Remark 3.1. — A less trivial result is that if for any integer N, Mjsf is a permutation 
matrix, then Mjx converges in V-distribution if and only if it converges in &-distribution. 
This is due to the fact that for any integers k and N, any p G Vk CL^d any permutation 
S G &{N), there exists and integer I < k and a permutation cr G ©; such that mp{S, ■■■,8) = 
ma{S, 


From now on, if O is an observable, for which O ((M^^, converges, we set: 




lim 0(M, 

N^oo 


N 
h ’ 



Besides, if O needs k arguments and if M is a matrix we denote by 0{M) the value of 
0{M, ..., M) where we wrote k times M. 
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3.2. Asymptotic A-factorization and convergence in probability. — Let us sup¬ 
pose that converges in A-distribution. By definition, it defines a limiting A-tracial 

distribution algebra, denoted by (C{Aj,i E 2}, 

Definition 3.1. — The family satisfies the asymptotic A-factorization property 

if (C{Aj,i E X}, is a deterministic A-tracial algebra. 

This is equivalent to say that for any k, I, pi E (A^, P 2 E A/, {ii, ...,ik+i) ^ 2^~^\ 
Empj(gip2(-Lfq,) = Em^j^ > •••) Afjj,)Emp2 

Theorem 3.1. — For any integer N, let {Mf)i^x be a family o/real random matrices 
which converges in A-distribution. If {Mf)i^x satisfies the asymptotic A-factorization 
property then it converges in probability in A-distribution and for any integer k, any p E Ak, 
any ii,...,ik G X, mp{Mi^, = Emp(Mj^,..., MjJ. 

If for any integer N, {Ml^)i^x is a family of complex random matrices, the same result 
holds if we suppose that {Ml^)i^x is stable by the conjugate or adjoint operations. 

Proof. — We will only prove the first part of the theorem, the second can be proved 
using similar arguments. For any integer N, let {M^)i^x be a family of real random 
matrices which converges in A-distribution. Let us suppose that {Ml^)i^x satisfies the 
asymptotic A-factorization property. Let /c,A E N, p E Ak and {ii,...,ik) E I^. The 
variance Var [m^ [M^ (8)... <8* is equal to: 

E [mp^p (M^,..., M^, M^,..., M^)] - E [mp (M^^, ..., M^)] ^ 
which, by definition, is equal to: 

Emp^p(M^,...,M^,M^,...,M^) - [Em^ (M^, ...,M^)]^ 

Thus the variance has a limit which is given by: 

Erup^p (Mjj, - [Emp (Mj^,..., MjJ]^ , 

which is equal to zero as (Mj^)jgx satisfies the asymptotic A-factorization property. □ □ 

When one considers symmetric, hermitian, orthogonal or unitary matrices, the asymp¬ 
totic A-factorization property of {M^)i^x (under some stability by conjugate or adjoint 
operations) implies the convergence of probability of the empirical eigenvalues distribu¬ 
tions. Let us remark that Theorem 18.21 shows that, in some cases, one can go further than 
the convergence in probability in order to get almost sure convergence. 

3.3. Consequences of the theory of A-tracial algebras. — The definitions and 
results that were obtained in Section [2] are applied in this sections in order to get results 
about asymptotics of random matrices. Recall that for any A, {Mf^)i^x is a family of 
random matrices of size A. Let us suppose that {Mf^)i^x converges in A-distribution, 
recall that (C{Aj,i E X}, (Emp^*^‘^^)pg^) is the limiting A-tracial distribution algebra. 
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Definition 3.2. — For any integer k, any p in Vk and any (ii, ...,ik) £ the asymp¬ 
totic p-^-exclusive moment of is Mj^,) = 

and if p & Ak, the asymptotic p-^-cumulant of MJ^) is 

K^{Xi^, where in each equalities the r.h.s. uses the definition of exelusive moment 

and cumulant forms in the limiting A-tracial distribution algebra. 

Let i be in X. The TZ_A-transform of is 7^^(Mj) = TZj\^{Xi), where again, the 

latter uses the definition of TZj^-transform in the limiting A-tracial distribution algebra. 

Notation 3.1. — If we do not specify A, we suppose implicitely that A = V: for example, 
mpc is the asymptotic p-V-exclusive moment and we will call it simply the asymptotic p- 
exclusive moment. 

By definition, the asymptotic ^-cumulants are uniquely characterized by the fact that 
for any fc > 0, any p in Ak and any (ii,ifc) E X^, 

Emp(Mq,...,MjJ = ^ EKj^(Mq,MjJ. 

p'&Ak\p'<p 

Besides, for any i € X, any p ^ A, 7^^[Mj](p) = K^{Mi, ..., Mi). In the case where A = &, 
we recover the usual notion of 7?.-transform (Theorem 4.4 in |17j l. 

Also by definition, the asymptotic ^-exclusive moment of are character¬ 

ized by the fact that for any A; > 0, any p £Vk and any (ii,..., i^) E X^, 

Em^.(Mq,...,M,J = ^ EN^(Mq,J. 

p'eAklp'Zip 

Besides, for any integer k >0, any p E Ak, and any (ii, ...,ik) E X^, 

Emp(Mq, ^ Emj(ic(Mq,MjJ. 

p'e'PfcIpHp 

Let us remark that the last equality only holds for p E Ak, even if the family {M^)i^x 
happens to converge in X-distribution. This is due to the fact that asymptotic ^-exclusive 
moments are defined using the notion of natural extension of ^-tracial algebras as X-tracial 
algebras. 

Using Lemma 3.2 of the exclusive moments have a simpler expression in some 
special cases. Recall the definitions of Mb(p), and Bk in Definition 3.6 of |17j . 

Theorem 3.2. — Let k he a positive integer. For any p E Bk, any (ii, ...,ik) E X^: 

Emj(l(Mq, ...,M4) = dpg^^^EKjf (Mq,..., MjJ. 

Besides, if A £ {&,B}, for any p ^Vk, any (ii,..., E X^; 

Em^(Mq,..., Mq) = ..., Mq). 
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For any integer N, let {M^)i^x and be two families of random matrices. We 

will always suppose in this article that X n = 0 for the sake of simplicity and clar¬ 
ity. Let us suppose that the family U converges in ^-distribution: 

it defines a limiting ^-tracial distribution algebra, denoted by {C{Xi, Xj,i G I, j € 

Definition 3.3. — The families {Ml^)i^x and are asymptotieally A-free if and 

only if the families (Xj)jgi and {Xj)j^j are A-free in the limiting A-tracial distribution 
algebra. 

An other formulation is to say that {M^)i^x and {L^)j^j are asymptotically ^-free 
if and only if the mixed asymptotic ^-cumulants vanish and the compatible asymptotic 
.A-cumulants factorize. The following result is a consequence of Lemma 12.21 

Proposition 3.1. — Let us suppose that {M^)i^x and {L^)j^j are asymptotically A-free 
and satisfy the asymptotie A-factorization property then the asymptotic A-factorization 
property holds for (M/^)igx U 

Using the version of Theorem [2T] for ^-tracial algebras, we have another formulation of 
asymptotic freeness. 


Theorem 3.3. — The families {Mf)i^x and {L^)j^j are asymptotically A-free if and 
only for any ki,k 2 > 0 , any p G Vki-ek 2 , any (zi,..., G any (ji,..., ^ 


Em: 


A 


M 


Xfi, , Li. ..... L 


Jl , ..., , 




- A 

pii«>Pfci='P 


(pL )" 




Em' 


A 

(pl r 




From now on, let us suppose that {Mf)i^x and {L^)j^j are asymptotically .A-free. 
Then the .A-distribution of {Mf)i^x U (X^) only depends on the .A-distribution of 
{Ml^)i^x and the A.-distribution of {L^)j^j. As a consequence of Theorems 12.21 and 12.31 
we get the following theorem. Recall the notion of factorizations ((12) in Section [1.311 . 


Theorem 3. 4 . — Let k be an integer, p he in Ak, (zi,...,Zfc) he inX^ and {ji,...,jk) be in 
J^: 


Eft^f [Mji-|-Ljj,...,Mjj,-|-Ljj,] — EK^[(Mj^, ...,Mjj,)]EK^[(Ljj, ...,Xj^)], 

(pi,P2d)652(p) 

Pi ,P 2 &Ak |pi -<p,P2 e Kp (pi ) 

Emp[Mj^Xj^,..., Eaj)'^ [(Mj^,..., Mjj.)]Emtpjop[(Xji,..., Xjj.)]. 

PieAfe|pi<p 


Thus, for any i in X and j in J, 

TLj^\Mi -\- Lj\ = TL_Aj\Li\ ffl TLj^\Lj\ and 7^_4[ilXjXj] = TZy[[Mi\ lEI TZj[[Lj]. 
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An asymptotic P-central limit theorem for random matrices can be also deduced from 
Theorem 12.51 Let C ^ be a subset of partitions in {V The notion of 
0(^i)-[^]-asymptotic invariance is deduced from Definition 12.131 

Definition 3.4- — The family is asymptotically ^(^i)-[^]-invariant if {Xi)i^x 

is Q{Ai)-invariant in the limiting A-tracial distribution algebra of {Ml^)i^x- If A = V we 
simply will talk about asymptotic ^(^i)-invariance. 

This means that for any integer k, any p ^ A of length k and any {ii,...,ik) £ T^, 

(Mjj, Let us remark that this notion depends also 

on the chosen A. In particular any family which converges in ^-distribution is 

asymptotically -invariant. The following theorem is a consequence of Theorem 

\m 


Theorem 3.5. — Let us suppose that {Ml^)i^x converges in V-distribution. It is asymp¬ 
totically U-invariant, resp. O-invariant, if and any if for any k>Q, any p € Vk and any 
{ii,...,ik) el^, Empc(Mj^,...,M 4 ) is equal to <5pg^Em(Mb(p))<:(^ii, •••, ^ 4 ), respectively 
(Mi, ,Mi J. 

3.4. The different notions of asymptotic ^-freeness. — This section is a direct 
consequence of Section [2j The following results about asymptotic .A-freeness for random 
matrices are consequences of Theorems 12.71 12.81 and 12.91 Let A 2 C .Ai be two sets of 
partitions in {V, H, Bs, B, ©}. For any integer N, let (M/^) jgx and {Lf)j(zj be two families 
of random matrices which converge in A.i-distribution. 

Theorem 3.6. — If (M/^)igiU {L^ )j£j is asymptotically Q{A 2 )-[Ai]-invariant, the two 
families {Ml^)i^x and {L^)j^j are asymptotically A 2 -free if and only if they are asymp¬ 
totically Ai-free. 

Besides, if only {L^)j^j is asymptocally Q{A 2 )-[Ai]-invariant and if the families 
(Mj^)igx and {L^)j^j are asymptotically Ai-free then they are A 2 -free. 

The notions of asymptotic A.-freeness are linked even when we do not suppose any 
asymptotic invariance. 

Theorem 3.7. — For this theorem, let us suppose that Ai = V. Then we have the fol¬ 
lowing equivalence or implications: 

1. if {Mf)i^x and {L^)j^j satisfy the asymptotic V-factorization, the two families 
are asymptotically &-free if and only if they are asymptotically free in the sense of 
Voiculescu, 

2. if {M^)i^x and {L^)j^j are asymptotically B- orBs-free then they are asymptotically 
&-free. 

and the following negative assertions hold: 
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1. if {Mf)i^x CLnd {L^)j^j are asymptotically V-free and if there exists (^ 1 ,^ 2 ) £ di and 
{ji,j 2 ) £ such that: 

{Mil 7 Mi2 )IEko2 {^ji ! ) 7^ 0) 

then {M^)i^x and {L^)j^j are not asymptotically 6-free. In particular, asymptotic 
V-freeness does not imply the asymptotic &-freeness. 

2. the asymptotic V-freeness of {Mf^)i^x and {L^)j^j does not generally imply the 
asymptotic B-freeness of the two families, 

3. the asymptotic &-freeness of {Mf)i^x and {L^)j^j does not generally imply the 
asymptotic B-freeness of the two families. 

At last, we can prove the asymptotic freeness of a unitary invariant matrix and its 
transpose. 

Theorem 3.8. — For this theorem, let us suppose that B C Ai. If {Ml^)i^x and {Lf)j^j 
satisfy the asymptotic &-factorization property and U {L^)j^j is asymptotically 

U-[Ai]-invariant, then {M^)iQX and are asymptotically free in the sense of 

Voiculescu. 

Let us remark that, looking at the proof of Theorem 12.91 we could change the condi¬ 
tion of asymptotic ^i-factorization property by a condition of asymptotic S-factorization 
property. 


4. Dualities and the finite-dimensional world 


4.1. Dualities. — Let k be an integer, p be in Ak and L be a matrix of size N in 
G{A){N), it is not difficult to see that M^^pn{p)M^^ = pn{p)- Thus, using the tracial 
property, for any A:-tuple of matrices of size N, (Mi,..., M^), Kmp (Mi,..., M^) is equal to: 


1 


_/Ync(pVidfc) 


Tr 


ig{A){N) 


M®^IE [Ml ® ... (8) Mfc] {M-^)^^dM 


PnCp) 


The endomorphism M®^IE [Mi (g)... <8* Mfc] (M ^)®^dM commutes with 

for any M G ^(^)(A^). This motivates the study of endomorphisms of (C'^)'^^ which 
commute with M®^, with M G Q{A){N). We introduce for this the Schur-Weyl-Jones’s 
duality and some similar statements. The dualities are summarized in Table 1. The Schur- 
Weyl duality was previously used in the setting of random matrices, for example in 
[22] and |23] . Besides, this section and next section can be partly seen as a generalization 
of [ 9 ]. One can find more informations about these dualities in |19j . and for the last two 
dualities one can look at m, m and [20] . The groups ^(.4)(A^) are called, if we do not 
take into account the unitary groups, easy orthogonal groups. For a definition of the easy 
orthogonal groups and the proofs of the duality theorems one can have a look at [ 2 ] . 

Table 1. Dualities between groups and partitions. 
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Family G{A) 

Description of G{A){N) 

Partitions A 

Descriptions of A 

U 

MM* = Idjv 

© 

permutations 

O 

MM = ldN, M GAfiv(K) 

B 

V6 G p, #6 = 2 

H 

Mij G {0, —1, +1}, 

Ej = Ei = 1 

n 

Mb £p,f^bG 2N 

B 

M G 0{N) 

Ei ^i,j ~ Ej FliJ = 1 

Bs 

V6 G p, #6 < 2 

B X Z/2Z 


Bs 


© 

Mip G {0,1}, 

Ej = Ei = 1 

V 


© X Z/2Z 


V 



We will make a distinction between and &{N). The notation will stand for the 
symmetric group, seen as a group of permutations, and &{N) will be seen as the subgroup 
of permutation matrices in Ql{N). Let k and N be two positive integers. 

Definition 4-1- — For any M G WlAr(C), any xi,...,Xk G C'^, let: 


p^{M){xi © ... < 8 > Xk) = Mxi ( 8 > ... < 8 * Mxk- 
The application is the tensor action of M-{N){C) on 

Let C be a subalgebra of End ((C'^)'^^), let us define the commutant of C. 
Definition 4'2. — The commutant of C, denoted by C, is: 


C' = {.E G End ,MF eC,EF = FE^ . 

For any subgroup G of M.{N), we define: 

{p\g), 9 ^G]] C End . 


C 


Pg 


= c 
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Beside, we define: 


C 


-^k 

Pn 


= C [{pn{p),P G A}] c End . 


The kind of duality between the groups and the set of partitions described in Table 1 is 
explained in the following theorem. 

Theorem 4-i- — For any set of partitions A G {6,B,'H,Bs,T’} and any integers k and 

N, 


(c 

Pg(A)(,N) 

)' = C 

Pn 

and 

^k 

Pn 

)' = C 

k 

Pg{A){N)_ 


The duality {&,V) is the simplest to show: it is the Jones’ duality. One can look at the 
proof in |20j which uses the exclusive basis defined in Definition 3.16 of m The dualities 
([/, S) and {0,B) are the Schur-Weyl dualities. 


4.2. Finite-dimensional cumulants and exclusive moments. — The notion 
of asymptotic .4-cumulants and .4-exclusive moments are well defined for sequences 
{{MF)i^x)N&N of families of random matrices which converge in ^.-distribution. In this 
section, we introduce the notion of finite-dimensional cumulants and exclusive moments 
for families (Mj)jgx of random matrices of fixed size. 

Let (Mj)jgx be a family of random matrices of size N and {ii,...,ik) be a /c-tuple of 
elements of I. As noticed in Section HU the endomorphism 

[Mi, ® ... ® MiJ {M-^)®^dM 

Jg(A){N) 


commutes with for any M G Q{A){N). Using the duality stated in Theorem 14.11 it 


belongs to C 
.5(4) 


Pn 


. Let us suppose that N > 2k so that pN is injective: the endomorphism 


’ can be seen as an element of C[4lfc]. Recall Definition 5.3 of [17j where the notion 
of cumulants for elements in C[Rfc] is defined. 


Definition 4-3. — For any partition p in Ak, the p-A-cumulant of M^i^) is the 

cumulant of the endomorphism : 


Ek-^ {Mi^, = K. 


ig{A){N) 


M®^E [Mi, ® ... ® MiJ (M-i)®^dM 


For any partition p in Vk, the mean p-A-exclusive moment of denoted by 

Em^c (Mi,, ...,MiJ, is the p-exclusive moment of the endomorphism E^'^^: 


1 


iV'’c(pVidfc) 


Tr 


ig{A){N) 


M®^E [Mi, ®... (8) MiJ (M-J®^dM ) pn( 


V) 
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From now on, when we consider finite dimensional cumulants, we will always suppose 
that N >2k even if omit to write it. Besides, when A = V, we will omit to specify it: IE«:p 
and Knipc stand for the p-P-cumulant and exclusive moment. 

Let us remark that for any p E Ak, is the p-moment of since, 

by Theorem 14.11 pn{p) commutes with the tensor action of Q{A){N). We can apply the 
results of namely Theorems 5.1 (or 5.5) and 5.2. 

Theorem 4-2. — For any integer N, let be a family of random matrices of size 

N. The family (Mf) jgi converges in A-distribution if and only if one of the following 
assertions is valid: 

1. for any k, any {ii,...,ik) £ O'lT'd any p E Ak, M^) eonverges as N 

goes to infinity, 

2. for any k, any {ii,...,ik) E and any p E Vk, ..., converges as N 

goes to infinity. 

If it does, then for any k, any {i\, ...,ik) E and any p E Ak, 

,,..., M,J = ^lim^EK^(M^,..., M^), 

and for any p GVk, 

Em/c(M,,,...,M4) = ^lim^Em^.(M^,...,M^). 

where in the two last equations, the l.h.s. is respectively the asymptotic p-A-cumulant and 
the asymptotie p-A-exclusive moment. 

4.3. ^(.4)-invariant families. — 

4 . 3 . 1 . Definitions and convergenee. — Let {Ml^)i^x be a family of random matrices of 
size N. When for any integer N, [M^)i^x is invariant in law by conjugation by Q{A){N), 
the notions of finite-dimensional exclusive moments and cumulants become easier. 

Definition 4-4- — d'he family {M^)i^x is G{A)-invariant if for any matrix M in the 
group G{A){N), any integer k, any {ii,...,ik) inX^, ...,has the 

same law as 

Let us suppose for this section that {Mf)i^x is ^(.4)-invariant. Let (ii, ...,ik) E T^. By 
definition, for any integer N: 

(8) E [Af" ® ... ® Af"] = 5; EnfiMl..., 

P&Ak 

Thus, if we consider another set of partitions A! such that A C A!, for any k, any p E A'j^, 
any {ii,...,ik) E and any integer N: 

(9) E«f =5pg^EK^[Mi^,...,M^]. 

This implies the following theorem. 
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Theorem 4-3. — For any integer N, let {MF)i^x be a family of random matrices. Let 
us suppose that is Q (A)-invariant and converges in A-distribution. Then it con¬ 

verges in V-distribution and it is asymptotically Q{A)-invariant. Besides, if it satisfies the 
asymptotic A-factorization property, it satisfies the asymptotic V-factorization property. 

Proof. — If {M^)i^x is 0(^)-invariant and converges in ^-distribution, then using 
Equation ([9]) and Theorem 14.21 for any integer k, any p ^ V and any {ii,...,ik) € T^, 
,..., M^] converges. Again by Theorem 14.21 the family {Mf)i^x converges in V- 
distribution. Besides, by taking the limit of Equation ([9]), we see that it is asymptotically 
^(^)-invariant. The last assertion is straightforward. □ 

In particular, if for any integer N , {MF)i^x is invariant by conjugation in law by U{N), 
and {Ml^)i^x converges in non-commutative distribution and satisfies the asymptotic ©- 
factorization property, then (MA)jgx converges in P-distribution and for any integer k, 
any p E Vk, any {h, ...,4) E 

lim^Emp{Mi^,...,Mi^) = ^ ,..., Mi , 

cr&6kW<p {ji,...,jr) cycle of a 

where the k in the r.h.s. stands for the free cumulants in free probability. It has to be 
noticed that this unitary-invariant case was also proved independently in the paper m 
using the theory of traffics [25j . 

Let us suppose that {Ml^)i^x is ^(^)-invariant and converges in ^-distribution. Be¬ 
cause of the ^(^)-invariance, for any p E Pfc, any (ii, ...,ik) E T^, the exclusive moment 
is equal to Empc(Mq,..., Mj^,) since this equality already holds for any 
finite N. Using Theorem 13.21 we get the following result. 

Theorem 4-4- — If for any integer N , {Ml^)i^x is invariant in law by conjugation by the 
unitary group, and {Mj^)i^x converges in non-commutative distribution and satisfies the 
asymptotic &-factorization, then for any integer k, any p E Vk, and any {ii, ...,ik) £ 

in,■■■dr) cycle of Mb(p) 

where the k in the r.h.s. stands for the free cumulants in free probability. 

4.4. Microscopic observables. — We can easily relate the moments of the products of 
the entries of any ©-invariant matrix with the finite dimensional cumulants: this allows us 
to study the asymptotics of the moments of the products of the entries of any ©-invariant 
matrix. Let A" be a postive integer and Af = (ni, ni/,..., n^, n^') E {!,..., 

Definition 4-5. — The kernel Ker(A) is the partition in Vk such that u and v, both in 
{I,..., k, 1',..., k'}, are in the same bloc if and only if Uu = 

For example, if A = (1,1, 2,1), then Ker(A) = {{1, 1', 2'}, {2}}. The following theorem 
is a generalization of Theorem 2.6 of m Recall the notation < in (2) in 11.31 
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Theorem 4-5. — For any integer N, let {MF)i^x be a family of Q{A)-invariant random 
matrices of size N. For any integers N, k, any G , any 2k-tuples Af = 

(ni,ni/, ...,nA;,nfc/) in {1,; 


E 




N\nk 


E 






pie^fe|pi^Ker(A^) 

Thus, if converges in A-distribution, E is equal to: 


^nc{Ker(Ar)Vid,)-nc(Ker(Ar)) / ^ En^^ (M*, , J + o(l) 

^piSAfebiDp 

Proof. — Since {M^)i^x is a family of ^(^)-invariant, it is ©-invariant. Thus the value 
of E only depends on the kernel oi M = (ni, ni/,n^, nfc')- This 

implies that: 


E 




N\nk 
^k> 


N — nc(Ker(AA))! 

m 




Recall that EmKgr(A/')‘= i® exclusive moment of E \MF (g)... (g) : using Equation ([5]) 

in this article and Equation (31) of |17j . we get the first equation we had to prove. The 
second equation is a consequence of the first one and the definition of the order □. □ 

Remark 4-1. — Actually, using the up-coming Section\^ we can have a better under¬ 
standing of the moments of the entries if the family converges up to a higher order of 
fluctuations. If the family converges to any order of fluctuations, E 
is equivalent to: 

1 




N\nk 


E 




pi ,ieN|pi<JKer(Ar),df (pi,p)+i=Op(n, •••,**;) 


where: 


Op{ii, ...,ik) = min{i + df{pi,p)\i G N,pi G Ak,Pi < p,EK),’p(Mq,..., MjJ 0}. 

In the next remark, we apply Theorem 14.51 to matrices which are U-invariant. 

Remark 4-2. — Let us denote by FL^ the set of partitions p in FLk such that for any block 
b in p, ff{b n {1,..., A:}) = ff{b n {!',..., A:'}). Let us suppose that {M^) jgi is U-invariant, 
then for any integer N, 


E 


1 


cSSfe I cr< Ker (A^) 
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For example, = 0 for any integer N. Besides, if the family converges in 

non-commutative distribution and satisfies the asymptotic &-factorization property: 


E 




N\nk 


'^Ker(Ar)eSfc 11 , 

(il,■■■,>) cycle o/Mb(Ker(Ar)) 


where the n in the r.h.s. stands for the free eumulants in free probability. Actually, again, 
if we suppose that the family of matrices converges in 6 to higher order of fluctuations, we 
can have better results. For example, let us suppose that it does converges up to order 2 of 
fluctuations and t/iat Emidj (Mj^) =0 and K{Mi^,Mifl) 7 ^ 

0 . Then, the asymptotic in Remark \4.1\ shows that: 


4.5. Classical eumulants as finite-dimensional eumulants. — In Section [2.8.11 we 

explained that classical eumulants can be seen as special cases of P-cumulants. We will see 
in this section a Schur-Weyl interpretation of classical eumulants: these eumulants can be 
seen as finite dimensional P-cumulants. Recall that is defined as the set of partitions 
in Vk which are coarser than id^. 

Let N and k be positive integers. Let P^(C) be the set of matrices M G A4]y(C) which 
are diagonal. We will study elements of (P'^(C)) which commute with the action of 
e(N) on 


Lemma 4-1- — For any integers k and N, 



cpN[C[Vk]]. 


Proof. — Let P be in ^ C 
p G Vk, p^ is in C [Vk] 


Pe{N) 


n (P'^(C)) . The first step is to remark that for any 

hus, we only need to show that E can be written as a linear 
combination of elements of the form pNip‘^) with p G Vk. We can decompose E on the 
canonical base of End and since E G (P'^(C))®^, 


E 






where E^ is the endomorphism which sends the element of the canonical basis on the 
jth^ Any (ii,..., ik) G {1,..., defines a partition of {1, ..., k}, denoted by Ker((ii, ...,ik)), 
which is the unique partition of {1,..., A;} such that two elements u and v of {1,..., A;} are 
in the same block if and only if i^ = iv Since E commutes with the action /Ogj-TYp Cii,...,ik 
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only depends on Ker(zi,i^). With obvious notations: 

TrePfe (ji,...,ifc)|Ker((ii,...,ife))=7r 

= C^PN \pI] , 

TrSPfe 

where for any vr G Pfc, = {{i,i G 5} U {i',i G b}\b G vr}. 

Lemma 4-2. — If N >k, the restriction of pN to C [Vk] is injective. 


□ 


Proof. — We will use the same notations used in the proof of the previous lemma. Let us 
suppose that N > k and let (c7r)7rePfc € such that = 0- '^o G Pfc 

and be in such that Ker((ii,= vro- Such /c-tuple exists since 

N > k. Then: 


0 = 


[pI] (e*! ® ... 0 6^) = (e,! ® ... ® e*J , 

\ 7 rGPfc / 


and thus = 0. This shows that the restriction of pjy to C [P^] is injective. 


□ 


The Schur-Weyl duality interpretation of classical cumulants is given by the following 
theorem. Recall the notion of classical cumulants denoted by cum(Xi, ...,Xi). 


Theorem 4-6. — Let {Xi,..., X/^) be a k-tuple of random variables in L°° (n,^,P). Let 
I > k and ;} be a family of I i.i.d. k-tuples of random variables which 

have the same law as {Xi,..., Xk). For any i G A:}, let us consider the diagonal 

matriee Mi = Diag . The following formula holds: 

cumk{Xi,...,Xk) =IE«:oj^ 
and more generally, for any p GVk, 

EKP[Mi,...,Mk]= cum^ ((Xi)jgbn{l.....fc})• 

^)epvidfc 


Proof. 


The endomorphism E 


<S>i=i is in (Pjv(C))®^ and commutes with the action 
P'h{N)- Lemma ITTI it belongs to pM [C [Pfc]]. Since / > A:, by Lemma IT^ the number 
Ekoj, [Ml,..., Mfc] is well-defined. For sake of clarity, we will make no difference between a 
partition p and its representation pn{p) as an endomorphism. Following the calculations 
in the proof of Lemma 14.11 using the same notations and using the independence of the 
one gets: 

k 


E 


Mi 


, 2=1 


E 

TTGPfc 


Re 




.*Sc 
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By definition of finite-dimensional cumulants and Lemma l4.ll we have also the following 
equality: 


E 


r k 


(g)Mi 




^ EKp^ [Ml, 
TrePfe 



= ^ EKp^ [Ml, ...,Mk] 

TrSPfe 



= E 

TrePfe 




k 7r'<l7r 


Using Lemma 1121 for any vr E P^., [Mi,...,Mk] = riceTr^E [Oiec^*] • 

allows us to conclude the proof of the theorem. □ 


Theorem 14.61 shows that one could be able to study the probabilistic fluctuations of the 
observables of random matrices invariant in law by conjugation by the symmetric group in 
the framework we developed. Instead of studying the asymptotic of a matrix M, one would 
have to study the asymptotic of the matrix Diag [Mi,..., M^] where Mi are independent and 
have the same law as M: one can see that it leads to the study of partitionned partitions 
of 


5. ^(^)-invariance, independence and freeness 

5.1. Convergence in ^-distribution, ^(^)-invariance and independence implies 
^-freeness. — This section generalizes Theorem 11.21 which asserts that independence 
with an unitary or orthogonal invariance property imply Voiculescu’s freeness. For any 
integer N, let {M^)i^x and be two families of random matrices. 

Theorem 5.1. — Let us suppose that the two families {Mh^)i^x o.nd {L^)j^j converge in 
A-distribution. Let us suppose that for any integer N, {L^)j^j is Q(A)-invariant and the 
two families {Ml^)i^x and {L^)j^j are independent. The families {Ml^)i^x and {L^)j^j 
are asymptotieally A-free. 


Remark 5.1. — Aetually, the compatibility condition and the compatible factorization 
property hold for any integer N big enough so that the N-dimensional A-cumulants are 
well defined. 


Proof of Theorem \5.1[ — Let ki and k 2 be integers, let (ii,..., ) be inand [ji ,..., jfcj) 


be in For any integer N, by independence, and using the ^(^)-invariance of (L^)^ 


j /j&J' 


L 


^®fci+fc2Jg 


g{A){N) 


M,^ 0...0M, 


N 

'^k-i 


L 


N ^ 

h ' 


L 
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is equal to: 


1 f M®^iE 


) (8)E 

'lI®...®lI^_ 

\JgiA){N) 


y 



Thus, when N is greater than 2k, for any p in Ak-^+k 2 ^ if there exists {pi,P 2 ) £ Aki x Ak 2 
such that p = Pi® P 2 , then: 


Ek: 


A 




jN ■ 
•’^^2 

II 

?! 

\On.l 


/ j N\k2 


and if not, 






tN 


mulant En^ 


the fami’ 
are asymptotically ^-free 


= 0. In particular, the finite dimensional cu- 

converges as N goes to infinity. Using Theorem 
y u (rOjey converges in el-distribution: and 




><.Av 


tN 
' ^jk2 


□ 


5.2. Convergence in ^-distribution, strong asymptotic ^(^)-invariance and in¬ 
dependence implies .A-freeness. — In Theorem 13.61 the asymptotic ^(A.)-invariance 
of one of the two families was enough. One can wonder if it is possible to state a version 
of Theorem 15.11 where the condition of ^(A.)-invariance is replaced by the condition of 
asymptotically ^(^)-invariant. 

Remark 5.2. — Let us suppose that Theorem \5.1\ is true when one replaces the condition 
of Q(A)-invariance by the condition of asymptotically G{A)-invariance. Let us suppose that 
A = V. Since the family {L^)j^j is asymptotically G-invariant, by hypothesis, {Ml^)i^x 
and {L^)j^j should be asymptotically V-free. 

For any integer N, let M^r be the diagonal matrix with zeros followed by ones 
and Ljm be the diagonal matrix with ones follows by zeros. The matrices Mn and 
L]y converge in V-distribution and have the same V-distribution. Besides, Emidy(-M) = 
Emidi(-L) = i. 

According to our previous discussion, and (-L7v)AreN should be asymptotically 

V-free. Recall that O 2 is the partition {{1, 2,1', 2'}}. lUe should have the following equality 
Emo 2 (-Tf,-L) = Em-idy (-Tf)Emidy (-It). Yet the l.h.s. is equal to zero, and the right hand side 
is equal to Thus (Mv)AfeN ond (Ljv)AreN can not be V-free: Theorem \5.1\ is not true 

when one just replaces the condition of G{A)-invariance by the condition of asymptotically 
G {A)-invariance. 

Actually, one can state a version of Theorem 15.II where one replaces the notion of G{A)- 
invariance by the condition of asymptotic strong G(A)-invariance that we are going to 
define. 

Notation 5.1. — Let {Ot)teT be a family of random matrices of size N. Let k be an 
integer, letT = (ti,...tfc) be a k-tuple of elements of T and I = {ii,iii, ...,ik,ik') be a 2k- 
tuple of {1, ...,N}'^^. We denote by Oij. ITe recall that the kernel Ker(I) 

is the partition in Vk such that u and v are in the same bloc if and only if iu = iv 
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Definition 5.1. — The family is asymptotically strongly G{A)-invariant if it is 

asymptotically G(A)-invariant and for any integer k, any p G Vk cind any k-tuple JJ = 
Uii-Jk) of elements of J: 

sup [Lf.-Liy.l I ^ 0. 

n,Fe{l,...,Af}2fc|Ker(n)=Ker(F)=p ’ ’ N^cxi 


Theorem 5.2. — Let us suppose that the two families and {L^)j^j eonverge 

in V-distribution and that is asymptotically strongly G {A)-invariant. If for every 

positive integer N, the two families o.nd {L^)j^j are independent then the two 

families {M^)i^x o,nd {L^)j^j are asymptotically A-free. 


Proof. — Let us suppose that the two families {Ml^)i^x and {L^)j^j satisfy the hypothe¬ 
ses stated in the theorem and that, for every positive integer N, they are independent. 
By dehnition, {L^)j^j is asymptotically ^(^)-invariant. By Theorem 13.61 the asymptotic 
P-freeness of {M^)i^x and {L^)j^j would imply the asymptotic ^-freeness of the two 
families. Thus, we only have to prove that the two families are asymptotically P-free. 

Let ki and k 2 be two integers, p be in Vk where k = ki -I k 2 , let (ii, ...,iki) be in 
and (ji, ■■■,jk 2 ) be in By Theorem 13.31 we need to show that the exclusive moment 
Empc{Ml ^,..., ,L^^,..., ) converges to: 






Em 


ipi,r 




Let be a positive integer. For sake of clarity, we will use the following notation: = 

M/^ if t G {n,...,4j, Bf = Lf if t G {ji,-,jk 2 } and T = (n, ji, % 

dehnition, Empc{Mj^, ^ equal to: 


N 


Em,. ((Bf )Kr) = Y. Wr 

ne{l,...,Ar}2'=|Ker(I)=p 


Any I G {!,...can be writen as the concatenation of Ii G {1,..., and I 2 G 

{1,..., ^ we denote by Iil 2 - Using the independence property, the right hand side 

can be written as: 


1 

jYnc(pVidfe) 


E 

Iie{l,...,Ar}2'=l,l2e{l,...,Af}2'=2|Ker(nil2)=p 




E 


B 


N 


Let I 2 be in { 1 ,..., _ Since (L^) j^j is asymptotically strongly ^(,4.)-invariant: 


E 


tdN 

'°i2,(ii,...,ifc2) 


jync(Ker(]l2)Vidfe2)-nc(Ker(l2)) 


lEniKer(l2)'^ 


jyN D 

B,- , ...,B 


31 


N 

jk2 


+ o{l) 


where the o(l) is uniform in I 2 . Besides, if Ii € {1,..., and I 2 € {1, satisfy 

Ker(Iil 2 ) = P, then Ker(Ii) = and Ker(l 2 ) = This implies that the exclusive 
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moment KrUpc is equal to: 


1 


jYnc(pVidj:) 


^nc(p-^ Vidfc2)-nc(p-^) jg 


]Il,l2|Kei'(Iin2)=P 

or to: 

^-nc(pVidfc)+nc(pJ^Vidfe2)-nc(pJ^) 


tdN 


Em 


iPl^Y 


iBfXU +0(1) 


E E 

Il|Ker(Ii)=p5;.^ 




N 




E 

n2|Ker(l2)=p^^,Ker(Iil2)=p 


Em 


ipi,r 


+ 0 ( 1 ) 


When Ii € {1,is fixed, there exists asymptotically in 

{1,..., |;]^a,t Ker(l 2 ) = pI^ and Ker(Iil 2 ) = p. We can go on our calculations and 

Empc is equal asymptotically to: 

^-nc(pVidfe)+nc(p^^Vidfc2)-nc(p^^)+nc(p)-nc(p^^) 


Em 


(Pk^Y 


(Bj!)?-. 


+ 0 ( 1 ) 


E IE 

Il|Ker(ni)=p'j.^ 




or: 


N 


(nc(p)-nc(pVidfc))-(nc(p5,^(g)pJ^)-nc((p|.^®p^^)Vidfe)) 


Em^r Y 


tN tN 

^jl ’ ^jk2 


+ o{l) 


Em 


(pL Y 


n ’ ’ *fei 


Since (8* pf is finer than p, by definition of the order □: 


Ar(''c(p)-nc(pVidfc))-(nc(p' 0p^ )-nc((p' (gip^ IVidi,)) _^ „ 


This allows us to conclude the proof of the theorem. 


□ 


Remark 5.3. — Unlike Theorem \5.1[ this new Theorew, \5.S\ is general enough to he used 
in order to recover the freeness of general real and compex Wigner matrices. Yet, let us 
remark that Theorem \5.S\ is not a generalization of Theorem \5.1\ since in this latter, we 
need that the families of random matrices converge in V-distribution. 


6 . General theorems for convergence of Levy processes 

In this section, we give a general theorem about convergence in P-distribution for se¬ 
quences of ^(g4)-invariant matricial Levy processes. 
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6.1. Generalities about Levy processes. — Let G be a topological group, let us 
recall the notion of (right-) Levy processes ([24]). 

Definition 6.1. — Let be a cadlag process in G which is stochastically continuous 

such that Xq is the neutral element of E. The process {Xt)t>o is a Levy process if for any 
0 < t < s, XgX^^ is independent of {Xu)u<t and XgX^^ has the same law as Xg-t- 

From now on, we will only consider groups of matrices. Let iV be a positive integer. If 
G is a subgroup of (AlAf(C),-t-), the Levy processes are called additive Levy processes. If 
G is a subgroup of Ql{N), the Levy processes are called multiplicative Levy processes. In 
order to prove the next statement, we need the insertion operation. 


Definition 6.2. — Let I = {ii, ...,ii} C {1, ...,k} with ii < ... < ii. The permutation aj 
is the one which sends ij on j for any j G {1,..., 1} and i ^ I on I + i — #{n, in < i}. For 
any A G End ((C^)®'), B G End we define: 

Ii {A, B) = PM (0-7^) {A ® B) pM {(Ti) ■ 


Let us remark that for any I < k, any subset I C {1,..., A;} of cardinal I and any partitions 
{p,p') G Pz X Vk-i, Ii{pn{p), Pn{p')) = Pn {fij^{p®p')<7i) ■ We will use often this remark 
without referring to it. 

Let {Xt)t>Q be an additive or multiplicative Levy process in AlAr(C). From now on, we 
only consider Levy processes such that for any t > 0, Xt is in L°° 0 AlAf(C). For any 
k gN, let: 


Gfc 


E 


dt |i=o 






The family {Gk)ken is the only data one needs in order to compute E[Xf’^] for any positive 
real t. 


Lemma 6.1. — For any positive integer k and any real to > 0, 
1. if {Xt)i^o additive Levy proeess: 

k-l 


T 

dt\t=to 


X'i 


-T. E A 

/=0 /C{l,...,fc},#/=z 

2. if (Xt)j>Q is a multiplicative Levy process: 


E 


x: 


to 


, Gk-l 


T 

dt\t=to 


X} 


= GfcE 


X 


^0 


Proof. — Let {Ht)t>o and {Ut)t>o be two matrix-valued Levy processes which are respec¬ 
tively additive and multiplicative. Let us define for any integer k: 


G 


H 

k 


A 

dt \t=o 


E 


H^k 


riU 

(JU 


!L 

dt\t=o 


E 


urn 
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For any to >0: 
d_ 

dt \ t=tQ 


E 


m 




E 


= lim ■ 


TT^k 

^to+S 


-E 


TT<S>k 

^to 


= lim 




h: 


^k 


to 


E k —1 -j- 

1=0 


= lim 


E 


h: 


to 


,E [Hf’^ 


-n 


k-l 

E E I' 

/=0 /C{l,...,fc},#/=Z 
fc-1 

E E 

/=0 /C{l,...,fc},#/=Z 


E 


E 


TT®1 

^to 


m 


to 


E li/f^ 

, lim —- 

s^o s 


) '-'k-l 


-n 


and if {U[)t>o is a process which has the same law as {Ut)t>o and which is independent of 
{Ut)t>o, we also have: 


T 

dt \t=to 


Ul 


0A: 


E 


= lim ■ 


TT®k 

'^to+S 


-E 


u: 


to 


E 


— = lim ■ 
s—>-0 




to) 




-E 


{<) 


E 


(UTV 


-E 


= lim ■ 

s ^-0 s 

^ E [([/;)«■>] - 

s —^0 S 


Tj®k 

^to 


K" 


= gI'e 


TT®k 


In these eqnalities, we used intensively the independence and stationarity properties of the 
two processes. □ 


Later on, we will use the more general fact that for any multiplicative matrix-valued Levy 

I 


process {Xt)t>o, any integers k and I, the family ^E 
using the same arguments as for the proof of Lemma l6.11 for any to ^ 0) 


t>o 


( 10 ) 


T 

(it |i=to 




= 1^^ IE 

dt\t=o 


Xf^ (8) Xt®' 


E 




■oi' 


6.2. General theorem for the convergence of Levy processes. 
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6.2.1. Convergence in V-distribution. — Using Definition 14.41 we define the notion of 
0(^)-invariant Levy processes. Let (^{X[^)t>o) be a sequence of 0(^)-invariant Levy 
processes which are either all additive or multiplicative. For any integers k and N, let: 


riN 


dt\t=o 


E 




N\^k 


Let us suppose that N is greater than 2k. The endomorphism commutes with the 
tensor action of G(A) on Using the duality stated in Theorem 14.11 belongs to 


C 


■A-h 

Pn 


and since N > 2k, is injective: we can consider G^ as an element of C[^fc(Al)]. 
The cumulants of ^k are defined using Definition 5.3 of HU. Recall Section 

5 of |17j where the notion of convergence for elements of OAreN defined and 

studied. From now on, the sequence always be considered as an element of 

nAr> 2 fcC[A(A^)]- Thus, for any integer k, the sequence converges if {G^)j^> 2 k 

seen as an element of nAr> 2 fc converges. 


Remark 6.1. — Using Theorem 5.2 and 5.5 in m, the three following assertions are 
equivalent to the convergence of {G^)j\f&n- 

1. for any p G Ak, Kp{Gn) converges, 

2. for any p G Ak, mp{GN) converges, 

3. for any p GVk, rnpc{GN) converges. 


Recall the notion of H-character defined in Definition 4.8 of m- 

Definition 6.3. — Let us suppose that for any integer k, {G^) converges. The TZ- 
transform of G, denoted by TZ{G), is the linear form in i®^=QC.[Pk/&k])* which sends 
p G Vk on Kp{Gk) := lim 7 v^.oo Kp (G^). We say that {G^)^ condensates (resp. weakly 
condensates^ ifTZ{G) is a S-infinitesimal character (resp. a M-infinitesimal character). 


Remark 6.2. — Using a slight generalization of Section 4-3.2 of m, we have three cri- 
terions in order to know if (G^)^ condensates or weakly condensates. Indeed, because of 
Theorem 4-2 and 4-3 of [17] , the three following assertions are equivalent: 

1. (G^)^ condensates, 

2. for any integer k, any p G Ak, mp{Gk) = 0 if p is not irreducible, 

3. for any integer k, any p G Vk, 'mpc{Gk) = 0 if p is not irreducible, 

and the three following assertions are also equivalent: 

1. {G^)j^ weakly condensates, 

2. for any integers ki and k 2 , any pi G Aki and any p 2 G Ak 2 , ^pi^p 2 {Gki-\-k 2 ) = 
mpiiGki) +mpfiGk2), 

3. for any integer k, any p G Vk, mpc(Gk) = 0 if p is not exclusive-irreducible (the 
definition is given in Definition 3.3 of HU: this means that there exists a cycle cq of 
p such that any other cycle of p is equal to a partition of the form Oi) 
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We can now state the main result about convergence in P-distribution of Levy processes. 

Theorem 6.1. — Let ((-^/^)i>o)^>o ® sequence of G{A)-invariant Levy processes 

whieh are either all additive or multiplicative. Let □ he either ffl in the additive ease or Kl 
in the multiplicative case. For any integers k and N, let: 

If for any positive integer k, the sequence converges, then the process 

eonverges in V-distribution toward the V-distribution of a G{A)-invariant IL-A-Levy pro¬ 
cess. For any real to > 0, 

(11) I^[Xto] = 

In the additive case, respectively multiplicative case, if {G^)k condensates, respectively 
weakly condensates, then the asymptotic V-factorization property holds for {X^)t>o. 



Remark 6.3. — A consequence of Equation is that, in the additive case, for any real 
to > 0, any integer k and any irreducible partition p GVk, 

7^[WJ(p)=^o(7^[G](p)). 

Besides, using Proposition 4.3 of m, Equation m implies, in the multiplicative case, 
that for any integer k, any p GVk and any real to > 0." 

■— WiTHpi^Xf^ — ^ ^ (G/j)IE?7ltpj^op(-^to ) ■ 

at \t=tQ 

Pi^Ak\pi<p 


Proof. — Let us use the same notations as in Theorem 16.II and let us suppose that for any 
integer k, the sequence {G^)n>o converges: for any p G Vk, Kp{G^) converges. According 
to the case we consider: 

1. in the additive case, using Lemma l6.11 for any integers N and k and any to > 0: 


( 12 ) 


fL 

dt \t=to 


E 




k-1 

E 

1=0 Ic{0,...,k},#I=l 


E 


h 


E 






G 


N 

k-l 


Let IZf^^'^{X^), respectively IZ(^f^){G^), be the linear form in (0^o 

which sends any partition p on EKp(A^), respectively on Kp{G^). The last system 

of equations implies that for any to ^ 0: 

Since 7?.(7v)(G'^) converges to IZ{G), for any real to > 0, converges to 

By Theorem 14.21 for any to > 0, X^ converges in P-distribution. 
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2. in the multiplicative case, using Lemma 16.11 for any integers N and I and any 
to>0: 


dt \t=to 


E 






«) 


Nx’Sik' 


Thus, when N > 2k, E can be seen as a semi-group in C[^fc(A^)]. The 

Theorem 5.10 of m allows us to conclude that for any to > 0, converges in 
L’-distribution and TZlXtg] = 

In a nutshell, in the two cases, for any to > 0, X^^ converges in P-distribution. Let 
s > t > 0, and let us define the increment by X^ — X^ in the additive case and 
X^{X^)~^ in the multiplicative case. Let 0 < ti < t 2 < ... < tn be an increasing sequence 
of non negative reals. The convergence in P-distribution of is equivalent to the 

convergence in ^-distribution of tTiZo i with the convention that to = 0. Since 

(^f) t>o is a ^(^)-invariant Levy process, is a vector of independent Q{A)- 

invariant random matrices and for any i E {0, ...,n — 1}, has the same law as 

^U+i-ti' Using Theorem I5.lt the family converges in P-distribution toward 

the ^-distribution a vector of ^-free elements. Using again the stationarity of the process 
{Xl^)t>o and also Theorem 14.31 this proves that the process {Xl^)t>o converges in V- 
distribution toward the P-distribution of a ^(^)-invariant □-.A-Levy process. 

The last assertion about the condensation of the generator and the asymptotic V- 
factorization property is a direct consequence of Theorem 12.41 □ 


6.2.2. ^-Convergence in V-distribution. — If for any t > 0 and any integer N, the matrices 
X^ are complex-valued, the asymptotic P-factorization poperty does not imply the conver¬ 
gence in probability in ^-distribution. Using Theorem 13.11 in order to show convergence in 
probability, we need to prove that the family (Xt)t>oC{X^)t>o or {Xi,)t>oL){Xt)t>o converge 
in P-distribution and satisfies the asymptotic P-factorization property. The complex-va¬ 
lued additive Levy processes considered in next sections will be Hermitian; the convergence 
and asymptotic factorization properties of (X 4 )t>oU {X^)t>o is a direct consequence of the 
convergence and asymptotic factorization properties of {Xt)f>o- Prom now on, until the 
end of the section, we will suppose that for any integer N, {X^)t>o is a multiplicative Levy 
process. 


3e two integers, let N 


Recall the operation defined in Definition 12.151 Let k, I 
be greater than 2{k 1) and let t > 0. The endomorphism E 

commutes with the tensor action of G{A){N) on . According to Theorem 14. 11 it 

or with a slight abuse of notation it is an element of C[Afc+K-^)]- 


is an element of C 


„-4fe+i 

Pn 


This implies that E 




]\f\^k 




which is equal to E (g) ((X/^)*) 


can be seen as an element of C[Pk+iiX)]. 
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According to Equation (fTOll . 



phisms. For any integers k, I and N, let: 


is a semi-group of endomor- 


(13) 



The endomorphism G^i can be seen as an element of C[Vk+i{N)]. The sequence {G^i)NeN 
converges if (G^;)jv>2(fc+0’ element of nAr> 2 (fc+q converges. 


Definition 6.4- — Let us suppose that for any integer k and I, {G^i)Nen converges. We 
define TZkfiG) as the linear form on C[Pk+i] which sends the partition p on Kp{Gk,i) = 

)i>o)AfeN converges in V-distribution, for any positive integers k and I 
and any real t >0, TZkfiXt) is the linear form on C[Pk-\-i] which sends p on the cumulant 
KKp{Xt,Xt, Xt,Xt), where we wrote k times Xt and I times Xt. 

We say that {G^f}k,i weakly condensates if for any integers k and I, any p E Vk+i, if p 
is not weakly irreducible, KP{Gk,i) = 0, and 

(Gfc,z) = 


Let us remark that for any integer k, the convolution Kl can be restricted to 
{iC[Vk/&k]y)^‘^ then extended to ((C[Pfc])*)®^. The proof of the following theorem 
is similar to Theorem 16.11 thus we will omit it. 


Theorem 6.2. — Let ((X/^)t>o) be a sequence of G(A)-invariant multiplicative Levy 
processes. For any integers k, I and N, let: 


riN _ d 

“ Jtit=o 


E 





If for any positive integers k and I, the sequence (G^;)Ar>o converges, then the family 
{Xy)t>o U {{Xy)*)t>o converges in V-distribution. Let k and I be two integers, for any 
real tQ > 0: 


L^k^Xto) 




and for any p E Vk+i ■ 


4 Kmp{Xt,...,Xt,Xt,...,Xt) 

dt \t=to 


^ ^ ^pi )E? 7 itpjop(A^io) • ) XfQ, X^Q ) • ••) X^Q ), 

pi&Vk+ilpi^P 


where we wrote k times Xt^ and I times Xt^. 

If {Gyi)k,i weakly condensates then the asymptotic V-factorization property holds for 
{Xt)t>o U {Xf)t>o and the V-moments of {Xy)t>o U {{Xy)*)t>o converge in probability to 
the limit of their expectation. 
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7. Some examples of Levy processes and consequences 


Theorems 16.11 and 16.21 assert that the convergence of the generator of a Levy process 
implies the convergence, possibly in probability, in ^-distribution. In the Brownian case, 
one can compute the finite-dimensional cumulants of the generator: it implies the con¬ 
vergence in probability in P-distribution of Brownian motions but also a matricial Wick 
formula. In the general Levy case, the hnite-dimensional cumulants of the generator are 
complicated to compute, but we can compute the P-moments of the generator and their 
limits. This section illustrates also the fact that convergence of additive and multiplicative 
Levy processes can be handle in the same setting: the convergence of multicative Levy 
processes are actually implied by the convergence of their additive counterpart. 

7.1. Brownian processes. — In this section, we apply Theorems 16.11 and 16.21 to re¬ 
cover and extend in the setting of ^-distributions the known convergence of Hermitian and 
unitary Brownian motions. A matricial Wick formula is given as a consequence of Equa¬ 
tion dill) for the Hermitial Brownian motion. We also show that any central P-Gaussian 
(Definition 12.111) can be approximated by the P-distribution of random matrices. 

7.1.1. Convergence of Brownian motions. — Following the presentation of Levy in [23], we 
define some useful space of matrices. Let K. be either M or C, let be a positive integer. 
The spaces of skew-symmetric and symmetric real matrices of size N are respectively 
ajy = {M G AlAf(K), = —M} and Sv = {M € AlAr(lK), = M}. The space of skew- 
Hermitian matrices of size N is uj\f = {M ^ JiA]\f{C), M* = —M}. The space of Hermitian 
matrices of size N is iu^. We will use the conventions: 



and: 



More generally, we will consider: 



Besides, we will also use the following notation: 




1 if K = M 


Let us consider e G {—1,1}. On g^(Ai,IK), we consider the scalar product: 


(14) <X,Y>= ^^Tr{X*Y). 


Besides, we set: 
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The group U{N,'K) is a Lie group whose Lie algebra is u(iV,IK). Let us recall a result of 
Levy in |23] which will be needed later. 

Definition 7.1. — Let d he the dimension 0 /K). Let he an orthonormal 

basis of g^{N,K). The Casimir of of {N,'K) is equal to: 

1 

Cs^(N,G) = ^ Xi® Xi = —/JAr(e(l, 2) + (2 — /3 k)[1, 2]), 

i=l 

where (1,2) = {{1, 2'}, {2,1'}} and [1,2] = {{1,1'}, {2, 2'}}. A consequence is that 

d 

'^XiXi = Cge(^_K)I'^Af 
i=l 

with Cge(^^K) = e + ^ 1 ^- 

As Levy did in |23] . we now define the notion of Brownian motion on g’^(A^, K.). Let d 
be the dimension of g'^(A^, IK), and let be an orthonormal basis of g'^(A^, IK). 

Definition 7.2. — Let ((i3^)t>o)^_ he a d-tuple of independent real Brownian motions. 

The process {Ht = Yli=i is a Brownian motion on g’^(A^, IK). Any process which 

has the same law as {Ht)t>o is called a Brownian motion on g^{N,'K.). 


The law of the process {Ht)t>o does not depend on the choice of the orthonormal basis 
of g’^(A^, IK). This fact implies the C/(A^, ]K)-invariance property for {Ht)t>o- Any Brownian 
motion in g'^(A^, IK) is an additive Levy process. Besides, we can compute the bracket of 
Ht with itself: 

dBidB{Xi ® Xj = 

i,j=i 

due to the fact that for any i,j G {0, ...,d}, dBldB^ = Sijdt. 

Remark 7.1. — Recall the operation Sk in Definition \2.15[ One can easily compute the 
bracket of Ht with ^Ht and ^Ht with itself since dHt ® ^dHt = Si [dHt ® dHt] and ^dHt ® 
^dHt = So [dHt ® dHt]. Thus, when IK = C and e = —I." 

( 16 ) dHt ®^dHt = —^pN{[^,‘2])dt and ^dHt ®*dHt =—^pNi^,‘^)dt. 

Using Ito’s formula, one has the easy following lemma. 


d 

( 15 ) dHt ® dHt 


E 

i=l 


Xi ® Xi 


dt — C'ge(lV,K)'^L 


Lemma 7.1. 

Gk = 


H^k 


Let {Ht)t>o be a Brownian motion on g’^(A^,IK). For any integer k 
= 0 and: 


d 




Let us now define the U{N, IK) Brownian Motion. 
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Definition 7.3. — Let he a Brownian motion on u(A^, ]K). The solution of the 

Stratonovich stochastic equation: 

f dUt =dHtoUt, 

1 Uo =In, 

is a Brownian motion on U{N,K). Any process which has the same law as {Ut)t>o is a 
Brownian motion on U {N, ]K). 

Remark 7.2. — We can reformulate this Stratonovich stochastic equation in terms of an 
ltd stochastic equation: 

f dUt = dHtUt + "-^Utdt, 

\ Uo =In. 

Any Brownian motion on U{N, ]K) is U{N, ]K)-invariant: this is a consequence of the fact 
that the linear Brownian motion is also C/(A^, ]K)-invariant. Let us compute the bracket of 
Ut with itself. Let {Ht)f>o be a Brownian motion on u(A^, K.) and {Ut)t>o be the Brownian 
motion on U{N,'K) associated with {Ht)t>o- Using Equation (fTHI) : 

dUt ® dUt =dHtUt ® dHtUt = {dHt ® dHt){Ut ® Ut) =C,,(N,K){Ut ® Ut)dt. 

Using this equality, the Ito’s formula and Lemma 17.11 we can compute the action of the 
infinitesimal generator on the tensor product, already given in |23] . Recall the insertion 
operator X/ defined in Definition 16.21 


Lemma 7.2. — Let {Ut)t>o o Brownian motion on U{N,'K). For any integer k: 




d 

dt |f=o 


E 


U^k 


kc. 


■UJV,K 


2 


Id®^ + 






Let us suppose, just for this discussion, that K. = C. The matrix Ht is skew-Hermitian, 
dHt = — ^dHt, and dUt = dHtUt — ^Utdt, thus dUt = — ^dHtUt — \Utdt. Using Equation 
dUD, this implies that: 

dUt ®dTJt = -dHtUt ® UHtUt = 2]) {Ut ® IJt) dt, 

dTrt®dUt = ^dHtUt ® ^dHtUt = -^Pn{{1, 2)) {TTt ® TTt) dt. 

Using the Ito’s formula, we recover the following result already proved by T. Levy in [23] . 
and by A. Dahlqvist in m- 


Lemma 7.3. — Let {Ut)t>o ® Brownian motion on U{N,C). For any positive integers 
k and 1: 

d r T(^h _ T T 


G^I = ^ E 
dt |f=o 


U®^ ® Ut 


k + l 
2 





E E (Fil-Fi)) 

l<i<j<k+l l<i<k<j<k-\-l 
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where {i,j) and [z,j] were defined in Section UTSi . 

In order to state the main theorem of convergence for additive and multiplicative Brow¬ 
nian motions, we need the following notation. 

Notation 7.1. — Let k he an integer and p he in Vk- The form p* G {®'^=oC[Vk/&k])* 
sends \p], the equivalence class of p, on 1 and the other equivalence classes on 0. 

Let e be in { — 1, 1}. For any integer N, let be a Brownian motion on g^(A^,K) 

and let (17^^) f>o be a Brownian motion on U(^N, IK). Let be S if IK — C or if IK — M. 

Theorem 7.1. — The process converges in V- distribution toward a ^(TIik)- 

invariant additive AK-Levy process. It satisfies the asymptotic V -factorization property: 
the V -moments of {H^)t>o converges in prohahility to the limit of their expectation. 
Moreover, for any real tQ>Q,IZ {Htfij = where IZ{G) = e(l, 2)* -|- (2 — /3ik)[1, 2]*. 

When e = 1, the mean empirical eigenvalues distribution of converges in probability 
to the Wigner semicircular distribution: psc = ^-^4— \ 

Let us state the theorem for the convergence of U{N, IK) Brownian motions. This theo¬ 
rem extends the results of Biane in [7] and Levy in [22j . 

Theorem 7.2. — The process converges in V- distribution toward a ^(TIk)- 

invariant multiplicative AK-Levy process. Moreover, for any positive real t^, = 

ic/iere; 


(17) 7^(G) = -id^ + -^id^ - ((1,2) ® idfe_2)* + (2 - /3 k)([ 1, 2] ® id^-s)* 


Besides, for any to > 0, any positive integer k and any p ^Vk-' 



(18) 


piePfebiGp 


Moreover, the family {U^, {^^)*)t>o (converges in V-distribution and satisfies the 
asymptotic V-factorization property. In particular, the family {U^, 

in probability in V-distribution. For any f > 0, the empirical eigenvalues distribution of 
1//^ converges in probability to a measure vt as N goes to infinity and for any integer k: 



Let us suppose that IK = C. Let k and I be two integers and to > 0. Using the same 
notations as for Theorem \6.A IZk^fiUtfij = where 




l<i<j<k+l 


l<i<k<j<k-\-l 
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and for any p E Vk+i •' 


dt\t=to 


= i{G){pi)lKmtp^op{Uto,..., Uto,Uto, 

PieVk+ilpi^p 


Uto), 


where we wrote k times Uiq and I times Ut^. 


Proof of Theorem \7.1\ — For any integers k, N > 2k, let By 

Leninia f7.ll the value of is known and we can compute its finite-dimensional cumulants: 
«;( 12 )(G'^) = e, K[i 2 ](G^^) = 2 — /3k and for any other p, Kp{G^) = 0. For any integer 
k, (Gf) ATgN converges and TZiG) = e(l,2)* -|- (2 — / 3 k )[ 1 , 2 ]*. Since the two partitions 
(1,2) and [1,2] are irreducible, {G^)k condensates. Let us recall also that is a 

]K)-invariant Levy process. We can apply Theorem 16.II it only remains to prove that: 

1. P-moments of converges in probability to the limit of their expectation, 

2. the mean empirical eigenvalue distribution of converges in probability to the 
Wigner semicircular distribution when e = — 1. 

Since the family U is stable by the conjugate operation, the first 

assertion is a consequence of the P-asymptotic factorization property of and 

Theorem 13.11 

For the second assertion, since we have proved the convergence in probability, using The¬ 
orem [LTl it is enough to prove that for any integer k, hsc{dx), 

where (1,...,A:) is the cycle of size k. Actually, one needs also to prove some uniformity 
subgaussianity property which can be proved using concentration of measure for the op¬ 
erator norm of a random matrix. We refer to the discussion at the beginning of Section 
2.4.2 in [30| . Let k be an integer, the moment Jj _2 2 ] x^psc{dx) is known to be equal to the 
number of non-crossing pair-partitions of {1,..., A:}. Now, 

pe'Pfc|p<(i,...,fc) p&'Pk\p<P,:.,k) 


Yet, using Lemma 3.1 of ffH, for any permutation a E ©fc and any b G Bk\ &k, b ^ a. 
This shows that one can forget about the duals of Brauer elements in TZ{G): 

o'e6fe|<(l,...,A:) 


For any permutation a, (cr) is equal to 1 if u is only composed of cycles of size 2 and 

0 if not. Besides the set of involutions a without fixed points such that a < (1,..., k) is in bi- 
jection with the set PNC^ of non-crossing pair-partitions of {1,..., k}, thus Em(i^ = 

#PNCfc =/j_2 2] a:*'Atsc(dx). □ 


The proof of Theorem 17.21 follows the same structure as the proof of Theorem 17.11 

For any integers k, N > 2k, let G^ = ^|^^qE By 


Proof of Theorem \7.2 


Lemma [7.2l the value of Gp is known and we can compute its finite-dimensional cumulants: 
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Nidfc(G'f) = '^(i, 2 )®idfc(G'^+ 2 ) = -1> «^[i, 2 ]oidfe(G'f+ 2 ) = 2 - /3k and for any p which 

is not in the equivalence class of these partitions for the action of & on V, Kp{G) = 0. For 
any integer k, {G^)n&n converges and 7^(G) is given by Equation (fT71) . Let us recall also 
that {U^) t>o is a U{N, ]K)-invariant Levy process. We can apply Theorem 16 .1 1 and Remark 
16.31 in order to get the assertions up to the one about the family {Ul^)t>o U {{Ul^)*)t>o- 
Now, if K = M, the general assertion about the family {Ul^)t>o U {{U^)*)t>o is a con¬ 
sequence of the one about {Ul^)t>o, the fact that {G^)k^^ weakly condensates and the 
usual arguments. Indeed, convergence in probability in R-distribution of {Ul^)t>o implies 
the convergence in probability in R-distribution of {U^)t>o U {{Ul^)*)t>o- 
Let us suppose for this paragraph that K = C. The assertions about the family 
{{un* )t>o is a direct consequence of Lemma 171^ Theorems 16.21 and 13.11 

It remains to prove the assertion about the convergence of the eigenvalue distribution 
of . Let t > 0, since satisfies the asymptotic R-factorization, for any permutation 
a G Gk, = Oceavidfe Let us denote mk{t) = Let 

us consider Equation (I18|) . Using Lemma 3.1 of for any permutation a G 6k and any 
b G Bk \ 6k, b ^ a. This shows that one can forget about the duals of Brauer elements in 
TZ{G). One obtains that for any integer k and any Iq > 0, 

d k k 

— mk{t) = --mfc(to) - w/ 

2 2 ^ 

In [23j . Levy proved in Lemma 2.4 that the moments of I't also satisfy the same system 
of linear differential equations with the same initial conditions. By unicity, for any integer 
k and any t > 0, z^h't{dz). Since we have proved the convergence in 

probability of the R-distribution of , Theorem 11.11 allows us to conclude. □ 

7.1.2. Matricial Wick formula. — A matricial Wick formula is given in this section. Let 
N be an integer. A standard Gaussian A4Ar(]K) matrix M is a random matrix in A4Ar(]K) 
which has the same law as y/NHi where is a Brownian motion on Q^{N, K.). When 

e = 1, this defines the G.O.E and G.U.E ensembles. The standard Gaussian matrices 
satisfy the matricial Wick formula. In order to state it, we introduce the notion of one- 
and two-specie pairings of an integer. Let n be a positive integer. 

Definition 7.4- — A one-specie pairing tt of n is a partition of {1, ...,n} into pairs. A 
two-species pairing tt of n is a partition o/{l, ...,n} into pairs, with a partition in two sets 
(r 7 r,iy 7 r) of these pairs. For i = 1 or 2, we denote by Fn{i) the set of i-specie(s) pairings 
ofn. 

Any one-specie pairing tt of n will be seen as a two-species pairing with VUr = 0. Recall 
the notions of transpositions and Weyl contractions defined in Section 11.31 
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Definition 7.5. — Let ir be a two-species pairing of n. The Brauer element E Bn is 
equal to: 


K= n n 

The elements in the product defining 6,^ commute, thus the order is not important. We 
can state the Wick matricial formula. 

Theorem 7.3. — Let ki and k 2 be two integers, A be a ki x k 2 complex matrix, and 
(Ml,..., Mf^^) be a k 2 -tuple of independent standard Gaussian q^{N,K) matrices. For any 
i,j E {!,... jfei}, we define Mi = C{Mi,Mj) = {A^A)ij. Then: 

E[Mi ® ... ® MfcJ = ^ n C{Mi, Mfi j pjv(6.), 

7reJ^fc(3-/3K) \ {hilSTT / 


Proof. — Let M be a standard Gaussian of size N in K.). It has the same law 

than y/NHi where is a Brownian motion on g^{N,K). Using Lemma l7.11 for any 

positive integer k: 


Gk = ^ mt] = ^k=2 

dt\t=o 


N 


PN (e(l,2) + (2-/3K)[l,2]) 


Thus, using Lemma [6Tl for any positive real to: 


fL 

dt \t=to 


E 



E 


I, 


IC{l,...,k},#I=k-2 


E 


H 


(S)(fc—2) 


to 



This system of equations can be solved and, for any t > 0 and any integer k: 


= N-2 


E 




TTeTk{3-PK) 


This leads us to the conclusion: E [M®^] = N 2 E[Hf'^] = YlireTkis-PK) Pn{K)- 
Now, let (Ml, ...,Mfc^) be given as in Theorem 17.31 An easy computation gives: 


k2 

E[Mi® ...®MfcJ = ^ A\\..Al\^E[Mi,^...^Mi^^] 

= E E ail..a;';ie[m,,®...®m,,j. 
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where we recall that is the set of partitions of {1,/ci}. Using the independence 
nsing the result already proved for one matrix: 

pePfcj \Ker((ii,...,ifcJ)=p / TrSJ'fc^ (3-/3K)|7r<p 

where tt <p means that vr is finer than p. We can go on the calculations: 


E E E 

(3-/3k) \pePfe^,7r<p Ker{(n,...,4j)=p / 

and the result follows from the easy equality which holds for any m E Fk^ (3 — /3k): 

2 n 1:44= n 

pePfc^,7r<p Ker((fii,...,is;U)=p {iJjSTr ^=1 {ij'jSTr 

Hence the matricial Wick formula given in Theorem 17.31 □ 


Remark 7.3. — For any integers I < k, there exists also a matricial Wick formula for 
E [Ml (g) ... ® Ml® Ml® M/_|_i (g)... ® Mk\. This Wick formula is a consequence of The- 
orem fOI and the fact that M* is either equal to M or —M. For example, let M be a 
standard Gaussian q^{N,C) matrix. Recall the operation Sk defined in Definition \2.15l 
Using Theorem \7. 3: 


E 


® M' 


■®fc' 


= Si 


€*^^Sk{bm)- 

meJ'fe(l) 


7.1.3. Matricial approximations of centered V-Gaussians. — In this section, based on the 
intuition we developed in the last sections, we prove that any centered P-Gaussian can be 
approximated in P-distribution by a sequence of random matrices. 


Theorem l.f.. — For any cf E (C[P 2 /® 2 ])*, there exists a sequence of matrices (Mjv)ArgN 
such that Mjsf converges in V-distribution toward a V-Gaussian whose TZ-transform is given 
by 


Proof. — Let 4>i and (j )2 be two elements of {C[P 2 /& 2 ])*- Let us suppose that (Mjv)AreN 
and (LAr)ArgN converge in P-distribution toward a P-Gaussian, with 7Z{M) = and 
TZ{L) = We can always suppose that for any integer N, Mn and Ljy are independent 

and ©-invariant. As a consequence of Theorems 15. Il and l3. 41 the matrix Miv+Ttv converges 
also to a P-Gaussian and TZ{M + L) = Besides, the matrix iMj^ converges also 

to a P-Gaussian and TZ{M) = 

Recall Notation 17. II where we defined the form p*. It remains to prove the theorem when 
(j) E {p*|[p] E 7 ^ 2 / 62 }- For any integer N, we define a process when p is equal to: 

- id 2 = {{!,!'}, {2, 2'}}: let be a real Brownian motion. For any integer N and 

any t > 0, = HtIdAr. 
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- 02 = {{1,1'}, {2, 2'}}: Let )t>o)jeN be a sequence of independent real Brownian 
motions. For any integer N and any t > 0, 

- l 2 = {{1},{1'},{2},{2'}}: let {Bt)t>o be a real Brownian motion. Let Jat be the 

matrix of size N such that (Jat)} = 1/N for any i and j in {1,..., iV}. For any integer 
N and any t > 0, = Bt^N- 

- [1,2] = {{1,2},{1',2'}}: let be independent real Brownian motions. 

For any integer N and any t > 0, 

- (1,2) = {{1,2'}, {!', 2}}: for any integer N, we consider {H^)t>o the Hermitian 


Brownian motion. 

-{{!'}, {2'}, {1,2}}: let ((5?^ )t>o)j&N be a sequence of independent real Brownian 
motion. For any integer N, any t > 0 and any i,j G {1,..., N}, = ^b[^\ 

— {{1}, {2}, {!', 2'}}: let ((i?^^*^)(>o)ieN be a sequence of independent real Brownian 

motions. For any integer N^ any t > 0 and any i, j G {1,..., = ^b\^\ 

- {{1> 2'}, {2}, {!'}}: let ((5j*|)t>o)ieN, ((-B 2 *l)t>o)ieN, ((B^*l)t>o)*eN be three indepen¬ 


dent sequences of independent real Brownian motions. For any integer N, any t > 0 


and any io,jo e {H[^)io,jo = 


N 


B 


ho) 

l,i 


I tdUo) 

+ 


-Wif-iB 


Uo) 

3,t 


The ma¬ 


trix can also be written as; 


= 


N 


N 


N 


N 


E 

*0 Jo = l 


— ^ 


i E B 


*0 j’o=l 


*0 Jo = l 

h)'i. „ ft d(*)^ 


- {{1,2, 2'}, {!'}}: let ((5} j)t>o)ieN, ((-B 2 ,i)t>o)ieN be two independent sequences of 
independent real Brownian motions. For any integer N, any t > 0 and any io,jo G 
{1, = Sig=jQ{B[^°^ — iB^f’) + The matrix can also be 

written as; 


N 

E 


B 


(io) 


N 


*0 J0 = 1 


N 


*0 = 1 


— {{1,2,1'}, {2}}: we consider the transpose of the matrices used for the partition 

{{ 1 , 2 , 2 '}, {!'}}. 

- {{1,1'), (2). {2'}}; let ^ be three independent real Brownian motions. 

For any integer N, any t > 0 and any io,Jo £ {Ij we consider equal 

to — iB^^) + ^[B^^ — iB^'^). The matrix can also be written as; 

= B^^\ldN+SN) - isf^Idiv - 


For any integer N, the process {H[^)t>o is an additive Levy process and its generator 
(G^) fcgN can be computed: it converges and in each case Tl[G] = p* where p is the 
partition considered. Thus if, for any integer N, we set M^r = , we have a sequence of 
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random matrices which converges in P-distribution toward a centered P-Gaussian whose 
7^-transform is given by . 

Let us illustrate the convergence of by an example: let us consider the case 

p = {{1, 2, 2'}, {!'}}. For any k ^ 2, = 0: this implies that = 0. Let us 

consider k = 2, then: 

iV N 

*0,io,*l = l *0 = 1 

= [^^^2 + Np + Np' +P2\ - O 2 = + p') + 

where p' = {{1, 2,2'}, {!'}} and p 2 = {{1, 2}, {!'}, {2'}}. The partition p' is in the equiva¬ 
lence class of p in V 2 /& 2 - Thus Np(G^) = 1 and for any partition p which are not in the 
equivalence class of p in V 2 I& 2 J HiRtv^oo Np(G^) = 0. Thus for any k, (G^)ArgN converges 
and7^(G)=p^ □ 

7.2. Levy processes and approximation of free Q-infinitely divisible probability 
measnres. — 

7.2.1. Generalities about free [I]-infinitely divisible probability measures. — In the articles 
m,m and m, it is shown that there exists a matricial approximation for any semi-group 
of free Q-infinitely divisible measures either by Hermitian or unitary Levy processes. The 
proofs are different in the additive an multiplicative cases, using either Fourier transform 
or Weingarten calculus, and the convergence in probability of the approximations used 
concentration of measures. 

In the next section, we will see that these results are consequences of Theorems 16.11 and 
E21 Besides, the convergence in probability of the approximations can be dealt using only 
the elementary notion of P-factorization. At last, the arguments generalize easily in order 
to show that approximations by symmetric and orthogonal Levy processes also exist. 

In order to explain the results of 0, 0 and m, let us first introduce free Q-infinitely 
divisible measures. If /U is a measure on a compact set of C, let M{p) be the character 
of 0fcC[Sfc] which, for any integer k, sends any cycle of size k on Jf^z^p{dz). The TZ- 
transform of p, denoted by TZ^p), is equal to TZe{M.[p)) where TZq is defined in Definition 
4.13 of |17] . Actually, from now on, we will see TZ{p) as an element of (0^C[Pfc/©fc])*. 
In the following, Ai[n denotes either the set of measures supported by M when □ = ffl, or 
by the unit circle U when 0 = ^1. For any probability measures p and v in AIq, there 
exists a measure in AIh, denoted hy pG\v such that TZ{p 0 1 ^) = TZ{p) 0 TZ{v)\ it is the 
free 0-convolution of p with v. The free 0-convolution is a bilinear continuous operation 

(0, m)- 

Remark 7 . 4 . — Let us suppose that p and v are compactly supported probability mea¬ 
sures. Let (Xj)jgN (resp. (li)jgNj he a sequence of independent random variables of 
law p (respectively of law v), for any integer N let Mjy = Diag(Xi, ...,X„) (respectively 
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Ltv = Diag(Yi, and Un be a Haar random matrix on U{N). Let us suppose that 
for any integer N, Mjq, Ltv and Un are independent. Using Theorems \5.1\ and \l.ll if 
G M-m (resp. p,,i^ G Mm), the eigenvalues distribution of Mjq + UNLNUfj (resp. 
MNUNL^Uff) converges to pi^v (resp. plMv). This can be taken as a definition for the 
convolution □ for compactly supported probability measures. 

A probability measure p. € Aim is a free Q-infinitely divisible probability measure if for 
any integer n > 1 there exists a probability measure pLi G Aim such that p, = Let Au 

n 

be the uniform probability measure on U. Let us denote by em the number 0 if □ = ffl and 
1 if El = Kl. Let fi he a probability measure in Aim \ {-^u} be a free H-infinitely divisible 
probability measure. There exists a continuous one parameter semi-group of probability 
measures {pit)t>o in Aim for the El-convolution such that p. = pLi and pQ = Jen- This 
semi-group is unique in the additive case and in the multiplicative case there is a canonical 
way to construct it. By definition, (7^(/it))j>g is a continuous one parameter semi-group 
in ((0^ C[Pfc/Sfc])*, □). There exists CTZmip) such that for any to > 0: 

(19) ^ n{pt) = cn{p)\i]n{pt,). 

dt\t=to 

Thus, the probability measure p is characterized by CTZ{p) which is a Q-infinitesimal 
character on C[&k/&k] (here 6^/©^ is the notation for the equivalence classes of the 
action of ©a: by conjugation on itself). 

Remark 7.5. — In the additive case, ClZ{p) is the unique ^-infinitesimal character such 
that for any irreducible permutation a, CR,{p){a) = IZ{p){a). 

Let us recall that a measure p in Mm is a Levy measure if p{{em}) = 0 and f min(|z — 
em\'^,i)p{dx) < oo. In |17] . Lemma 4.3, it was explained that the set of characters of 
0^C[©A:] is isomorphic to the affine space Ci[[z]] of formal series with constant coefficient 
equal to 1. Let S be an element of Ci[[ 2 ;]] and let us suppose that for a given complex 
number 2 : the evaluation of this formal series converges then we denote this evaluation by 
S{z). The linear form CR.{p) was actually described in [3], [5] and m 

Theorem 7.5. — Let p be a free S-infinitely divisible probability measure. For any com¬ 
plex number z .such that Im{z) < 0, IZ{p){z) is defined, and there exist r/ G M, a G M"*" and 
p a Levy measure on M which are unique, such that: 

(20) IZ{p){z) = 1-\-pz-\-az"^-\- j - 1 - t 2 ;If[_i^i](t)^ p(dt). 

Conversely, for any r/ G M, a G M+ and any Levy measure p on M, there exists a free 
^-infinitely divisible probability measure p G Mm such that for any complex number z such 
that Im{z) < 0, Equality is satisfied. The triplet {p,a,p) is the '^-characteristic triplet 
of p. 
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In particular, using Remark 17.51 if the Levy measure of jjL is compactly supported then 
there exist ?? E M, a E M"*" and p a Levy measure on M which are unique, such that CR,{p) 
is characterized by the fact that for any integer k: 

( r] if A: = 1, 

C7l{p){{l, ...,k)) = I a + fj^x^p(dx) if k = 2, 

[ Ir x^p(dx) if k> 3. 

Let us state the characterization of free Kl-infinitely divisible probability measures. 

Theorem 7.6. — Let p be a free ^-infinitely divisible probability measure. There exist 
a; E U, 6 E M+ and v a Levy measure on U which are unique and such that for any integer 
k: 

( iarg(w) - I + /u(5R(C) - l)z^(c?C), if k = 1, 

( 21 ) cn{p){{l,...,k)) = { -b + J^{C-l)^nidO, ifk = 2 , 

[ fu(‘^ ~ ifk>3. 

Conversely, for any M-infinitesimal character CTZ which satisfies there exists a free 

^-infinitely divisible probability measure p, E such that CR,{p) = CIZ. The triplet 
{uj,b,i') is the M-characteristic triplet of v. 

In the articles a, m, Benaych-Georges and Cabanal-Duvillard showed that for any free 
ffl-infinitely divisible measure p, if {pt)t>o is the continuous semi-group associated with 
p, there exists a sequence of Hermitian U-invariant Levy processes {{X^)f>(})NeN such 
that the empirical eigenvalues distribution of converges in probability to pt as N goes 
to infinity. In m, Cebron extended this result to free Kl-infinitely divisible probability 
measures p Ajj. If {pt)t>o is the canonical continuous semi-group associated with p, 
there exists a sequence of unitary U-invariant Levy processes {{X[^)t>o)N&N such that the 
empirical eigenvalues distribution of X^^ converges in probability to pt as N goes to infinity. 

In the additive case, we show that the Levy process {X[^)t>o can be a symmetric O- 
invariant Levy process, and in the multiplicative case, if {ui, b, p) is the characteristic triplet 
of if w = 0 and if for any continuous function / : U ^ M, one has: 

(22) [ f{z)iy{dz) = [ f{z)u{dz), 

Jv Jv 

then the Levy process {X^)t>o can be an orthogonal 0-invariant Levy process. These 
results are consequences of the results in Section 17.2.31 

7.2.2. Generalities about Levy processes: the generator. — In Section 17.1.11 the conver¬ 
gence of the Brownian motions was proved by computing, using Ito’s formula, the action 
of the generator at time t = 0 on the application M i—)• (Lemmas I7.1l and f7.2l) . There 

exists a general result in order to compute the generator of a Levy process given by The¬ 
orem 31.5 in [29] and Hunt’s Theorem, Theorem 1.1 in m- The first theorem applies to 
additive Levy processes. 
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Theorem 7.7. — Let E be a finite dimensional veetor space of dimension d, be a 

basis of E and {Xt)t>o be an additive Levy process in E. There exist: 

1. >0 G E, 

2. a symmetric positive semidefinite matrix 

3. a Levy measure 11 on E, that is a measure on E such that n({0}) = 0 and such that, 
if B is the ball of center 0 and radius 1 in E: 



X \ \\ n(dx) < oo and 11(2?'^) < oo, 


such that the generator G of {Xi;)t>o is given for any f G Cq{E) and any y & E by 
^fiv) = + ’’Jjhich is equal to: 


dxofiy) + + [ ifiy + a;) - fiy) - is(a:)«9x/(y)] n(dx). 

^ ^ 1 J E 


Conversely, every operator of this form is the generator of a unique Levy process {Xt)t>o- 
Besides, let us suppose that E is equal to the Lie algebra g of a eompaet Lie group G. 
Let H be a Lie subgroup of G. Let us suppose that Yq, the operator 'Ei j=iyi,j^i^j 
n are invariant by conjugation by any element of H, then the Levy process associated is 
invariant by conjugation by H. 


Remark 7.6 . — One can change in the form of the generator given by the last theorem 
by anything of the form ly where V is a neighborhood o/O. This operation only changes 
the drift Xq. This remark will be important latter as we will work with a Levy measure 
which is compactly supported: it is then easier to suppose that Supp(n) C B. 

A similar result exists for compact Lie groups. Let G be a compact Lie group, let g be 
the Lie algebra of G and Id be the neutral element of G. Let A : G —)• g be a smooth 
mapping such that A(Id) = 0 and did A = idg. We recall also that any element X in the 
Lie algebra g induces a right invariant vector field which is defined for any in g, by 
X^{g) = DRg{X), with DRg being the diffential map of the right multiplication operation 
Rg : h gh. Hunt’s theorem, see |24j . allows to compute the generator of a Levy process 
in a compact Lie group. 

Theorem 7.8. — Let {Xt)t>o be a Levy process on G, let d be the dimension of the Lie 
algebra g and be a basis of g. There exist: 

1. Yq £ giv, 

2. a symmetric positive semidefinite matrix {yi,j)fj=i, 

3. a Levy measure H on G, that is a measure on G such that n({/(i}) = 0 and for any 
neighborhood V of Id in G, we have: 

f 11 A{x) I Ig n(da:) < oo and n( W) < oo, 

Jv 
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such that the generator G of {Xt)t>o is given for any f E C'^(G) and any h E Un by 
Gf{h) = which is equal to: 

yofih) + ^ + [ [/w - f{h) - A{grf{h)] U{dg). 

*J=1 

Conversely, every operator of this form is the generator of a unique Levy process {Xt)t>Q- 
Let H he a Lie subgroup of G. Let us suppose that Yq, the measure 11 and the operator 
Ylij=i yi,jyiyj invariant by conjugation by any element of H, then the Levy process 
associated is invariant by conjugation by H. 


Recall the notations in Section 17.1.11 As exolained bv G. Cebron in m , one can use 
on U {N, K) the mapping: 


A: M ^ 


M - M* 
2 


We will denote this application iQ, even when we are working on the group 0{N). It is 
invariant by conjugation by U{N,'K) since for any U E U{N,'K), for any M E 
U{i‘A{M))U-^=i‘A{UMU-^). We also define 5R(M) = 

In Section 17.1.11 we defined a scalar product on the Lie algebras K) (Equation (fT^ L 
From now on, when g = g'^(iV,K), we will always assume that the basis (Ei)f=i used in 
Theorems 17.71 and 17.81 is an orthonormal basis for this scalar product and we will not specify 
it anymore. 

7.2.3. Approximation of ^-infinitely divisible probability measures and convergence of ad¬ 
ditive Levy processes. — Recall the notations taken in Section 17.1.11 in particular 


Theorem 7.9. — Let p. be a free ^-infinitely divisible probability measure on M with as¬ 
sociated semi-group {nt)t>o <ind associated eharacteristie triplet {r},a,p). Let us suppose 
that the measure p has a compact support. Let d(,(Ar,K) be the dimension o/f)(A', K.). Let us 
define for any integer N: 


On = uldrf 


f|(JV,K) ’ 


PnU) = N 


( ° 
0 0 


R JV{N^) 


9 


\ 


\0 


o\ 


0 

0 0 / 


dgp{dx) 


For any positive integer N, let {Xl^)f>(} be a Levy process on f)(A',K) with characteristic 
triplet [rjldiN, a]\f, Pn) ■ The process {X[^)t>o converges in V-distribution toward a U {N, K)- 
invariant additive A^-Levy process. Lt satisfies the asymptotic V-factorization property: the 
V-moments of converge in probability to the limit of their expectation. Besides, 
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for any integer k and any t > 0; 



x^Htidx). 


Proof. — Let us consider the Levy process {X^)t>o specified in the theorem. Using the 
last assertion of Theorem \77n for any positive integer N, {X[^)t>o is C/(A^, ]K)-invariant. 
Using Remark 17.61 we can suppose, without loss of generality, that for any x G Supp(/9), 
the matrix: 

/x 0 • • • 0\ 

00 : 

: ■•. ■•. 0 

\0 • • • 0 0 / 

is in the ball of center 0 and radius 1. For any integers k and N, using Theorem 17.71 we 
have: 


'^k 


fL 

dt\t=o 


E 




t/Hat if /c = 1, 

«C'l,(7V,K) + /[,(Ar,K) 9^‘^PN{dg), if /c = 2, 
It){N,K)9^’'pNidg) if/c>3. 


According to Theorem 16.11 we have to show that G C[/9Ar(^K,A:)] converges for any 
integer k as N goes to infinity. Using Remark 16.11 it is enough to prove that for any 
p G .Ak, the p-moment of converges. When K. = M, X^ is symmetric for any t > 0 
and any integer N: the convergence of the S-moments of G^ implies the convergence of 
the R-moments of G^. Thus, in the two cases, K. = C or M, it remains to prove that 
the S-moments of G^ converges to infinity in order to prove that {X^)t>o converges in 
R-distribution. 

The convergence of Gi is obvious and we have already understood the convergence of 
(^(^(Ar^K) ill Section ETT] Let k be an integer greater than 2 and let a G &k, the moment 

{lt){N,K)9^'"PN{dg)^ is equal to: 


1 

jYncfcrVidfc) 


Tr 


[ 9^''PN{dg)] V 


1 

jYnc((TVidfe)-l 



where we have omit to write the representation pn va order not to confuse the reader. The 
number of cycles of cr is nc(cj V idfc), thus. 


(23) mai [ g^^pNidg)] [ x^p{dx), 

where [(1,..., k)] is the set of all /c-cycles in S^. This implies that for any integer k, {G^) 
converges. Besides, for any integer k, the /c-cycles are the only irreducible permutations in 
Sfc. Again, using the fact that, when K = M, the matrices are symmetric, this proves in 
the two cases, K = C or M, that (G^)AreN condensates for any integer k. By Theorem 16.11 
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the process converges in P-distribution toward a ]K)-invariant additive 

Levy process. It satisfies the asymptotic P-factorization, and since is stable by 

the adjoint operation, by Theorem 13 .1 1 the P-moments of converge in probability 

to the limit of their expectation. 

Let k be an integer and t > 0. In order to prove that z^fj,t{dz) we only 

have to prove that TZltJ-t] = T^[Xt]- Using the relation between cumulants and moments, 
Theorem 5.6 of m, we can compute TZ[G]. We already know that it is a ffl-infinitesimal 
character and: 


{ rj if A: = 1, 

0^ +iR^^Pidx), iik = 2, 

Jjg x^p{dx) if k > 3, 


Using Theorem 17.51 the restriction of TZ[G\ to 0^C[©A:/6fc]5 denoted by TZ[G\\q is equal 
to CTZ{p). Using Theorem 16.11 for any real t > 0, TZ[Xt] = Using Lemma 3.1 of 

[17] . for any permutation cr G Sfc and any b G Bk\ &k, b ^ a. Thus: 

crGSfc |f7<(l,...,/c) crS&k 

(TG©fe|cr<(l,...,/c) 

gEtr:7e(/.)(^) 

(TG©fe|cr<(l,...,/c) 

= Y '^{Pt){cr) = / x^ptidx). 

(TG©fc|cr<(l,...,/i:) ^ 


This allows us to conclude the proof. 


□ 


7 . 2 . 4 . Approximation of M-infinitely divisible probability measures and convergence of mul¬ 
tiplicative Levy processes. — 


Theorem 7.10. — Let p, be a free M-infinitely divisible probability measure on the circle U 
with associated canonical semi-group {pt)t>o and associated characteristic triplet {uj,b,v). 
If K = 'R, let us suppose that n satisfies Equation for any continuous function / : U —)• 
M and that cj = 0. Let d^(^N,K) be the dimension of u{N,K). Let us define for any integer 
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N: 


bN = bldd 


u(JV,IK) ’ 


= < 



f 


0 

• • ox 

\ 



^ fu fu(N) f 

9 

0 

1 

0 

0 1/ 

9* 

dgn{dC) 



V 

Vo 


) 





/ 

/cosO 

sinO 

—sinO 0 
cos6 0 

••• OX 
... 0 

\ 

^ J[—7T,7r] So(JV) ^ 

9 

0 

0 

1 ; 

^9 







. 0 




V 

V 0 

0 


• 0 1/ 

/ 


ifK = C, 


dgv{de), if K = R, 


where in the last equality, we considered n as a measure on [— 7r,7r]. 

For any positive integer N, let {Y/^)t>o be a Levy process on U{N,'K) with character¬ 
istic triplet (zarg(a;)Id 7 v, The process {Y-i-^)t>o converges in V-distribution toward 

a U{N,K)-invariant Ak-Levy process. Moreover, the family {Y/^, {Y/^)*)t>o converges in 
V-distribution and satisfies the asymptotic V-factorization property. In particular, it con¬ 
verges in probability in V-distribution toward its V-distribution. For t > 0 and any A: G N, 


Jv 


Proof. — The difference between the two cases K. = C and K = M are handled using a 
similar argument as in the proof of Theorem 17.91 we saw before the Remark 13.11 that for a 
sequence of orthogonal matrix the convergence in ©-moments implies the convergence in 
R-moments. 

Thus, we will focus on the case K = C which is the more complicated in our setting 
since we will have to prove the assertion about the family {Y/^, {Y/^)*)t>o. The structure 
of the proof follows the one of Theorem 17.91 Let us consider the Levy process {Y/^)t>o 
specified in the theorem. Using the last assertion of Theorem 17.81 for any positive integer 
N, (Y/^) t>o is a Levy process invariant by conjugation by U{N). Let k, N be two integers. 
Applying Theorem 17.81 


Gf = — E 
dt |f=o 


*,i=i 

JU{N) V ^ J 


+ 


i']\f{dM). 
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G. Cebron noticed in m that one should use, in the last term, the following equality: 


M®^ = (M-Id + Id)®^ = Id®^+^ (M-Id)®”^,Id®^“ 

m=l l<ii<i2<...<im<k 


Since M — Id — i^{M) = 5?(M) — Id, one gets: 


Gk = fciarg(u;)Id®^ + 

i=l 
k 


IU{N) 


(3ft(M) -Id)i/jv(dM),Id®*^ 


-1 


+-A:cgld®''+ - Y, 




2<m<l l<ii<...<im^k 


lUiN) 


,Id®fc-2) 

(M-Id)®™P7v(dM),Id®^-™ 


result obtained in Proposition 5.3. of m- The proof now differs from the one of G. Gebron 
and this is what allows us to have the result for orthogonal matrices at no cost. According 
to Theorem EH we have to show that E C[©fc] converges for any integer k. Using 
Remark EH it is enough to prove that for any permutation a E Sfc, the p-moment of 
converges. 

Using our work on the Brownian motion and on the Gasimir element, it remains to 
understand, for any m E {2,..., A:} and any 1 < ii < ... < im < k, the limit of the 
©-moments of: 


An = Y^\ 


Id 


i=l 


[ (5R(M) - Id)pjv(dM), Id®^-^ 

Ju{N) 


NeN 


and 


I Bn Tpj 

[ (M - Id)®™I/Ar(dM), Id®^-"^ 

V 

Ju{N) 


iveN 


Let a be in m^{AN) = k fjj(Si(C) — l)i^(dC)- Thus An converges and using the 
cumulant-moment relation, Ko-(A) = {k — l)p(dC)) ^(T=idfe- Let m be a positive 

integer. In order to study the convergence of (RtvIjvpNi we only need to study the sequence 
{Bn = fu(N)(^k - Id)^^iyN(dM))NeN- Since: 


the (T-moment of Bn converge to mo-(B) = <^CTe[(i,...,m)] fjjiC ~ ^)^k'(d(), where we recall 
that [(1, ...,m)] is the set of m-cycles in ©m- Thus Bn converges and using the cumulant- 
moment relation, for any a E &m, i^niB) = /u(C “ l)™'p(dC)- 
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This discussion allows us to asser that for any integer fc, converges as N goes to 
infinity. Besides, we have already computed TZ[G]: 

^ ^ (^arg(a;) - ^ + - l)i^(dC)) id^ 


- y'ft((l>2) ® idfc_2)* + V r/(C-l)™z^(dC)V(l,-.,m)(8)idfc_™)*, 

fc>2 2<m<k ^ 

where we recall that (1, ...,m) is the usual m-cycle in 6 m- By Theorem 16.11 the process 
converges in P-distribution toward a [/(A'", ]K)-invariant multiplicative .^K-Levy 

process. Besides, for any t >0, = TZ[Yt]. Using Theorem 17.61 we see that TZ[G] = 

CTZ{fi): for any t > 0, Tl[Yt\ = and then for any integer 

k. Using Theorem EH the assertion about m(i,,, is a consequence of this discussion 
and the assertion about the family (Y/^)t>o U {Y/^)*)t>o. 

It remains to prove the assertion about the family {Y/^)t>oU{Y/^)*)t>o. Equivalently, we 
need to prove that the family {Y/^)t>o'J {Yj^))t>o converges in P-distribution and satisfies 
the asymptotic P-factorization property. Let k and k' be two integers. Let us define: 


(Yf)^’^ (g) 


Pn 


k+k' 


since for any permutation a G 6 k+k'j 


’ dt\t=o 

Let us remark that is actually in C 

Sk{cr) G Bk+k'- Using Theorem 17.81 we can compute and we can see that it is 

composed of three parts: a drift and Brownian parts which were already studied, and a 
third part which remains to be understood: 

k 

'U{N) \ ^ 

fc + fc' X 


I 

Jui 


where we used the fact that i^{M) = —*(f7y(M)). Using the usual argument, we know 
that (g) - Id®*^+^' is equal to: 


E 


E 


'”{^1 vjJ '/} 


m=l,/=l l<ii<...<im^k<ji<...<ji<k-\-k' 


(M - Id)®'” ® (M - Id)®', Id®^+'='-'"-' 


Let us remark also that M + '(^^(M)) = '5R(M). As for the study of G^, after some 
simple calculations, we see that we need to study, for any (m,/) G {!,..., fc} x {!,..., A;'}, 
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the limit of: 



(3?(M) -Id)p7v(dM), 

(*3?(M) - l<l)vN{dM), 

(M - Id)®”^ ® (M - Id)®' UN{dM). 


The two first sequences are easy to study, let us focus only on the last one. Let (m, 1) in 
{1, ...,k} X {1, k'} and let us study: 


Cn= [ (M-Id)®'”® (M-Id)®'iy7v((iM). 

Ju{N) 

Recall the operation Sk dehned in Definition 12.151 With an obvious abuse of notations, 
the element Sm(C'iv) is equal to — Id)®™ ® (M* — Id)®^PAr((iM) which commutes 

with the tensor action of U{N): it is an element of C[©m+/(A^)]. Since the convergence 
of Sm(C* 7 v) is equivalent to the convergence of Cat, the convergence of the S-moments 
of Sm(C'Ar) implies the convergence of Cat. For any a E &m+h h is easy to see that 
iR(T(Sm(C*Ar)) converges and: 

[ (C-l)™(C-l)'KdC), 

Ju 

where we remind that [(1, ...,m + l)] is the set of m + / cycles in &m+i- Using the cumulant- 
moment relation, for any a E &m+l- 

A^.(S^(C)) = / (C-l)™(C-l)'KdC). 

Hence for any a E &m+l- 

^AC) = (^(C - 1)”^(C - lYAdcij . 

At the end, we see that for any integer k and k', converges as N goes to infin¬ 

ity and {G^Ak,k' weakly condensates. Using Theorem 16.21 this implies that the family 
[YA, {YA)*)t>o converges in R-distribution as N goes to infinity and the R-asymptotic fac¬ 
torization property holds for this family. In particular, the R-moments of (yA, {YA)*)t>o 
converges in probability to the limit of their expectation. □ 


Using the up-coming Theorem 18.21 and the fact that the defect of any permutation with 
any Brauer element is an even integer, one can easily show that all the convergences we 
proved on Brownian an Levy processes hold almost surely. 
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8. Algebraic fluctuations 

8.1. Basic deflnitions. — For any integer N, let be a family of random ma¬ 

trices which converges in A-distribution. In this section, we study the asymptotic devel¬ 
opments of the A-distribution of We will often ommit the proof of the results 

since they are similar to their 0-order counterpart. 


Definition 8.1. — The family (M/^) igi converges in A-distribution up to order n of 
fluctuations if for any integer k, any p E Ak, any i E {0, and any {ii,...flk) £ , 

there exists a real called the fl^-order fluctuations of the p-moment, 

such that: 


n—1 




EmAMjj, 


) 


2=0 


A* 


N^oo 




'^k 1 


Let us remark that the convergence in A-distribution up to order n of fluctuations of 
{Mf) igi or of the algebra generated by are equivalent. Recall the notion of 

defect df(p',p) defined in Equation (1) of |17j and recall the notion of finite dimensional 
A-cumulants. The following theorem is a generalization of part of Theorem 14.21 and is a 
consequence of Theorem 6.1 of m- 


Theorem 8.1. — The family {Ml^)i^x converges in A-distribution up to order n of fluctu¬ 
ations if and only if for any integer k, any p E Ak, any i E {0, ...,n} and any {ii, ...,ik) E 
, there exists a real EKp'^(Mj^, called the -order fluctuations of the p-A- 

cumulant, such that: 


A” Ek: 


A 




‘^k 


n-1 

E 

i =0 


E4’'^(Mi,,...,M4) 


A* 


^ E< 

N^oo P 


,A 


(M, 




Let us suppose that {Ml^)i^x converges in A-distribution up to order n of fluctuations, 
then, for any integer k, any p E Ak, any i E {0, ...,n} and any (zi, ...,ik) £ T^-' 

Em^M,Mi J= ^ E47^f(^'’'’^’-^[Mi,,...,MiJ. 

p'eAk,df(p\p}<i 


From now on, let us suppose that {M^)i^x converges in A-distribution up to order n of 
fluctuations. 

Remark 8.1. — Let us denote bylE.Kp’'^{M^,..., the difference¥.K'^{M^, — 

Y^n-i ^ definition, g^^E[Mi^ (g) ... ® is equal to: 


p&Ak 

Let zq be in T. We can define the 77^^-transform of (Mj^)7veN- 



n—1 

E 

_ 2=1 


A* 




m 


Pn{p)- 
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Definition 8.2. — The -transform of is the linear form whieh sends 

{p,i) e Ax {0, ...,n} on Mj^]. 

Let us remark that Theorem 13.II can be generalized in order to have almost sure conver¬ 
gence. For any integer N, let be a family of random matrices which converges in 

^-distribution up to order 1 of fluctuations. 

Definition 8.3. — The family satisfies the strong asymptotic A-factorization 

property if it satisfies the asymptotic A-factorization property and for any integers ki and 
k 2 , any (ii,..., any partitions pi E Vki and p 2 E Vk 2 • 

1 

j=0 

With this definition, we can state the generalization of Theorem l3.ll whose proof is totaly 
similar, except that one can prove that the variances are summable hence the almost-sure 
convergence result. 

Theorem 8.2. — For any integer N, let {Ml^)i^x a family of real random matri- 
ees which converges in A-distribution. If {M^)i^x satisfies the strong asymptotie A- 
faetorization property then it eonverges almost surely in A-distribution and for any integer 
k, any p E Ak, any h, ...,ik G I, 'rnp{Mi^, ...,Mi^) = ]Emp(Mj^,..., M^). 

If for any integer N, {Ml^)i^x is a family of eomplex random matrices, the same result 
holds if we suppose that {Ml^)i^x is stable by the conjugate or adjoint operations. 

Remark 8.2. — Using the forthcoming Theorem \8.(A all the examples of Levy proeesses 
we considered in this paper satisfy the strong asymptotie A-factorization property. This is 
due to the fact that for any permutation a, and any Brauer element b, the defeet df (6, cr) E 
2N; this implies that for any Levy proeesses we considered the 1-order fluetuation of the 
&-moments were equal to zero: the strong asymptotic 6-factorization property holds. 

When {M^)i^x is ^(^)-invariant, there exists a generalization of Theorem 14.31 

Theorem 8.3. — Let us suppose that {Ml^)i^x is G{A)-invariant and converges in A- 
distribution up to order n of fluctuations, then it converges in V-distribution up to order n 
of fluctuations. For any integer k, any p E Vk, any i E {0, ...,n} and any (ii, ...flk) E Z^: 

More generally for any A' sueh that A C A', for any integer k, any p E A'j^, any (ii, ...,ik) E 
Z^ and any i E {0, ...,n}: 
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8.2. Preeness up to higher order of fluctuations. — A notion of asymptotic A- 
freeness up to higher order of fluctuations can be defined for families which converge in A- 
distribution up to order n of fluctuations. For any integer N, let and {L^)j^j be 

two families of random matrices. We recall that we always supposed, for sake of simplicity, 
that I n J' = 0. Let us suppose that the family H {L^)j^j converges in A- 

distribution up to order n of fluctuations. 


Definition 8.4- — The families {Mf)i^x and {L^)j^j are asymptotically A-free up to 
order n of fluctuations if the two following conditions hold: 

• compatibility condition: : for any integer k, any i € {0, ...,n}, any p G Ak, any 

,..., B^) G U , if there exists i and j in the same block of p 

such that {Bf^,Bf] C {Ml^Ux of{B^,Bf] C then: 

= 0 , 

• factorization property: : for any integers k and k', any i G {0, ...,n}, any pi G Vk, 
any p 2 G Vy, any {h, ...,4) G and any {ji, ...,jk') G J^', 




A 








^311 




i'=0 


Actually, it is easy to see that the families and {L^)j^j are asymptotically 

^-free up to order n of fluctuations if and only if the algebras generated by {M^)i(zx and 
by {L^)j£j are asymptotically .A-free up to order n of fluctuations. All the theorems we 
proved in the zero order case can be easily generalized for the notion of .A-freeness up 
to order n of fluctuations. The generalization of Theorem 13.41 is given by the following 
theorem. Recall the notion of ^-defect, denoted by rj, defined in Definition 3.13 of 
and the notion of defect, denoted by df, defined in Equation (1) of [17] . Recall the notions 
of ffl and Kl convolutions in Notation 6.2 of mi 

Theorem 8.4- — Let us suppose that {Ml^)i^x and {Lj)j^j are asymptotically A-free up 
to order n of fluctuations. Let k be an integer, p be in Ak, {ii, ■■■flk) be in , (ji, ■■■,3k) 
be in and i G {0, ■■■,n}, then: 

• EKp"^[Mq -|- Ljj, + Ljf) is equal to: 

i 

(pi,P2d)652(p) *'=0 

• ..., is equal to: 

^ E4’'^(Mq,..., M, ,..., L,-J, 

p' ,p"£Ak A' ■,j'\p'^p"=Pi i' +j'+r}{p' ■,p")=i 
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• Emp[-BiC'i,SfcCfc] is equal to: 

p'eAk,i' ,j'\i'+j'+df{p' ,p)=i 
Thus, for any i G X and j G 

[Mi + Lj] = [^*] ffl T^a'' [Lj] [MiLj] = [Mi] K [Lj] . 

Proof. — One could do a combinatorial proof as we did for Theorem l2.2l using results such 
as Theorem 3.4 in HU. Actually, using the up-coming Theorem 18.51 one can suppose that 
the families we consider satisfy the hypotheses of Theorem 18.51 Then the result we have 
to prove is a consequence of Remark 18.11 simple calculations and Theorem 6.3 of [17j . □ 


8.3. ^(A)-invariance and independence imply A-freeness of higher order. — 

The following theorem allows us to construct examples of families of sequences of matrices 
which are asymptotically A-free up to order n of fluctuations: it is a generalization of 
Theorem O 

Theorem 8.5. — Let us suppose that {Mj^)i^x o.nd converge in A-distribution 

up to order n of fluctuations. Let us suppose that {L^)j^j is G (A)-invariant and that for 
every integer N, the two families {Ml^)i^x o.nd {L^)j^j are independent. Then the two 
families {Mf)i^x and {L^)j^j are asymptotically A-free up to order n of fluctuations. 


8.4. Convergence of Levy processes in X-distribution up to higher order of 
fluctuations. — In this section, one can find the generalization of Section[6]to the higher 
orders of fluctuations. Let ((Alf^) 4 >o)^>g be a sequence of ^(A.)-invariant Levy processes 
which are either all additive or multiplicative. For any integers k and N, let: 


r^N 

'^k 


— E 
at |t=o 




Recall Section 6 of m where the convergence up to higher orders of fluctuations are 
defined for elements in niveN 


Definition 8.5. — Let us suppose that for any integer k, {G^)Nen, seen as an element 
o/riiveN converges up to order n of fluctuations. The -transform of G, 

denoted by TZ^'^\G), is the linear form which sends {p,i) ^Vk x {0, ...,n} on tdp{G). 


Recall the notation El which stands either for B or E. 


Theorem 8.6 . — Let us suppose that for any integer k, {G ^)weN converges up to order 
n of fluctuations. Then converges in V-expectation up to order n of fluctuations 

as N goes to infinity. For any real to>0.' 




74 


FRANCK GABRIEL 


Besides, in the multiplieative case, for any integer k, any p & Vk, any to > 0 and any 
i G {0, 

pieAk j+j+df(pi,p)=io 


The convergence of {Xl^)t>o U ((X/^)* )t>o can also be studied with the same tools. Let 
us suppose that we are in the multiplicative case, for any integers k, I and N, let: 


(24) 


riN _ d 
'^k,l — TT, 

’ dt\t=0 


E 


(xrf^e>(Wf 


Theorem 8.7. — kf for any positive integers k and I, the sequence converges up 

to order n of fluctuations, then the family {X^)t>Q'J{{X^)*)t>Q converges in V-distribution 
up to order n of fluctuations. 


One can use these theorems in order to prove that all the convergences, for the Levy 
processes we considered, actually hold up to any order of fluctuations. 


9. Conclusion 

In the next article |18] , we apply these results to general random walks on the symmetric 
groups. This allows us to define the first P-Levy processes which can be approximated by 
random matrices and which are not free Levy processes. We also prove that for general 
random walks on the symmetric group, the asymptotic factorization property does not 
hold in general: the moments mp can converge in law and not in probability to a random 
variable. This proves that, in general, the eigenvalues distributions can converge in law to 
a random probability measure. 

In the article |16j in preparation, we explain the link between the theory of P-tracial 
algebras and the theory of traffics of C. Male described in [25] . 

Let us finish with some open questions concerning P-Levy processes and fluctuations: 

1. A natural notion of positivity can be added to the theory of P-tracial algebras in 
order to have P-tracial probability algebras. Does it exist a characterization of V- 
Levy processes in P-tracial probability algebras like Theorem 13.16 of [28j ? 

2. The characterization of P-Levy processes in P-tracial probability algebra might need 
the definition of a general Fock space: which structure would replace the usual Fock 
space ? 

3. Do asymptotic of moments of the entries, like the one given in Theorem 14.51 can 
provide some insight in order to understand approximations of non-commutative dis¬ 
tributions by random matrices ? 

4. The classical cumulants can be computed as finite dimensional cumulants: this shows 
that there exists a Schur-Weyl interpretation of the fluctuations of the moments of 
random matrices. It is possible to recover the fluctuations of the unitary Brownian 
motion easily in this setting, but a general study has still to be done. Can we apply 
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the combinatorial techniques used for the convergence of P-distribution and obtain a 
theorem similar to Theorem 5.1 of m ? 

5. Does it exist a good notion which generalizes the notion of asymptotic factorization 
for higher orders, which would be stable by the asymptotic freeness property of 
higher orders and would imply probabilistic fluctuations of the moments when N 
goes to infinity. One can prove the convergence of the fluctuations of Hermitian 
Brownian motions in this way, yet, a general notion is still missing. 
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